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the well-known Cayley-Dickson construction for algebras. Thcorems of exis- 
tence for local and globál solutions are obtained for (singulár) PDE's in this 
new category of noncommutative manifolds. Finally the oxtension of the con- 
cept of oxotic PDE's, recently introducod by A.Prástaro, has beon extended to 
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1. INTRODUCTION 

This páper aims to further develop the A. Prástaro's geometrie theory of quantum 
PDE's, by considering three different (even if related) subjects in this theory. The 
first is a way to characterize quantum PDE's by means of suitable Heyting alge- 
bras. Nowadays these algebraic structures are considered important in order to 
characterize quantum logics and quantum topoi. (See, e.g. [33,43,44,48].) Really 
we prove that to any quantum PDE can be associated a Heyting algebra, naturally 
arising from the algebraic topologie structure of the PDE's and that encodes its 
integrál bordism group. 

Another aspect that we shall consider is the extension of the category Q of quantum 
manifolds, or Qs of quantum supermanifolds, to the ones Qhyper of quantum hy- 
percomplex manifolds. These generalizations are obtained by extending a quantum 
algebra A, in the sense of A. Prástaro, by means of Cayley-Dickson algebras. In this 
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way one obtains a new category of noncommutative manifolds, that are useful in 
some geometrie and physical applications. In fact tliere are some fashioned research 
lineš, conccrning classical superstrings and classical super-2-branes, where one han- 
dles with algebras belonging just to some term in the Cayley-Diekson eonstruction. 
Thus it is interesting to cmphasize that the Prástaro's geometrie theory of quan- 
tum PDE's ean be direetly apphed also to PDE's for sueh quantum hypereomplex 
manifolds. This allows us to encode quantum micro-worlds, by a generál theory 
that goes beyond the classieal simple deseription of elassical extended objects, and 
solves also the problém of their quantization. 

Let US emphasize that in some previous works we have formulated a geomet- 
rie theory of quantum manifolds that are noncommutative manifolds, where the 
fundamental algebra is a suitable assoeiative noneommutative topological algebra, 
there called quantum algebra. Extensions to quantum supermanifolds and quantum- 
quaternionic manifolds are also considered too. Furthermore, we have built a geo- 
metrie theory of quantum PDE's in these categories of noncommutative manifolds, 
that allows us to obtain theorems of existence of local and globál solutions, and 
constructive methods to build such solutions too. [61, 62, 63, 64, 65, 66, 67, 68, 77, 
78, 79, 80, 81, 83, 84]. 

On the other hand it is well known that the sequenees McCcHcOcS, 
where § is the scdenionic algebra, fit in the so-called Cayley-Dikson eonstruction, 
McCcHcOcSc ••■ cA,. C where is a Cayley algebra of 
dimension 2'': A^ = , r > O, Aq = M. Thus we ean also consider quantum 
hypereomplex algebras A^Ar, l < r < oo, where ^ is a quantum algebra in the 
sense of Prástaro, obtaining the natural inelusions Aí^^A^ ^ Aí^jjA^+i. It 
is important to note that the Cayley algebras A^ are not assoeiative for r > 3, 
(even if they are exponential assoeiative^) hence also the eorresponding quantum 
hypereomplex algebras are non-associative for r > 3, despite the assoeiativity of the 
quantum algebra A. This fact introduees some partieularity in the theory of PDE's 
on such algebras. The purpose of this páper is just to study which new behaviours 
have PDE's on the category Qhyper of quantum hypereomplex manifolds. 
Let US emphasize that a first justification to use the category of quantum (super) 
manifolds to formulate PDE's that encode quantum physical phenomena, arises 
from the fact that quantizcd PDE's can be identified just with quantum (super) 
PDE's, i.e., PDE's for such noneommutative manifolds. However, to formulate 
equations just in the category i3 (or Qs) allows us to go beyond the point of view 
of quantization of classieal systems, and capture more generál nonlinear phenomena 
in quantum worlds, that should be impossible to eharaeterize by some quantization 
process. (See Refs. [77, 78, 79, 80, 81, 83, 84].) In fact the coneept of quantum 
algebra (or quantum superalgebra) is the hrst important brick to put in ordcr to 
build a theory on quantum physical phenomena. In other words it is necessary to 
extend the fundamental algebra of numbers, R, to a noncommutative algebra A, 
just called quantum algebra. The generál request on such a type of algebra can be 
obtained on the ground of the mathematical logic. (See [63, 68].) In fact, we have 
shown that the meaning of quantization of a classieal theory, encoded by a PDE E^, 
in the category of commutative manifolds, is a representation of the logic C{Ek) of 
the classic theory, into a quantum logic Cq. More precisely, C{Ek) is the Boolean 
algebra of subsets of the set Q{Ek)c of solutions of E^: C{Ek) = V{^{Ek)c)- (The 

h.e., 2"+™ = 2"2'", Vz 6 K and n, m S N. 
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infinite diniensional manifold n{Ek)c is called also the classic limit of the quantum 
situs of Ek-) Furthermore, Cq is an algebra A of (self-adjoint) opcrators on a 
locally convex (or Hilbcrt) space H: Cq = A C L{T-L). Thcn to quantizc a PDE 
Ek, mcans to define a map C{Ek) Cq, or an homomorphism of Boolcan algcbras 
q : V{íl{Ek)c) VriH), whcre Vr{T~L) is a Boolcan algebra of projeetions on 
Ti.. (For details see [63, 68].^) This construetion allowed us also to prove that a 
quantization of a classical theory, ean be identified by a functor relating the category 
of differential equations for commutative (super)manifolds, with the category of 
quantum (super) PDE's. (See Refs. [59, 77, 78, 79, 80, 81, 83, 84].) 
We can also extend a quantum algebra A, when the particular mathematical (or 
physical) problém requires it useful. Then the extended algebra does not necessitate 
to be associative. This is, for example, the case when the extension is made by 
means of some algebra in the Cayley-Dickson construetion, obtaining a quantum- 
Cayley-Dickson construetion: 

QqC ^ Q^C ^ Q^C ^ . . .C ^ g^c ^ . . . 

where Qr = A^^Ar, hence Qq ^ A, Qi = Al^^C and Q2 = ^^kH, etc. 
The main of this páper is just to show that the Prástaro's algebraic topologie 
theory of quantum PDE's, formulated starting from 80s, directly applies to these 
non- associative quantum algebras arising in the above quantum-Cayley-Dickson 
construetion. 

Finally, the last purpose of this páper is to extend the eoncept of exotic PDE's, 
reeently introdueed by A. Prástaro, for PDE's in the category of commutative 
manifolds [85, 86, 87, 88], also for the ones in the category of quantum PDE's. In 
particular, we prove also smooth versions of quantum generalized Poincaré conjee- 
tures. 

In the following we list the main results of this páper, assembled for sections. 
2. Theorem 2.42 and Theorem 2.43 show that to any quantum hypercomplex 
PDE Ek C J^{W), can be associated a topologieal spectrum {integrál spectrum) 
and a Heyting algebra {integrál Heyting algebra) encoding some algebraic topologie 
propcrties of such a PDE. This allows us to give a new constructive point of view to 
the actual approaeh to consider quantum logic in field theory by means of topoi. 3. 
Theorem 3.10 and Theorem 3.11 extend our formal geometrie theory of PDE's from 
the category of quantum (super)manifolds to the ones for quantum hypercomplex 
manifolds. Theorem 3.19 and Theorem 3.26 eharaeterize globál solutions of PDE's 
in the category Qhyper, by means of suitable bordism groups. 4. Theorem 4.8 gives 
an algebraic topologie characterization of singulár PDE's in the category Qhyper- 
5. Here we extend to the category Qhyper the eoncept of exotic PDE's, perviously 
introdueed by A. Prástaro for PDE's in the category of commutative manifolds. 
Theorem 5.38 and Theorem 5.39 give charaeterizations of globál solutions for exotic 
PDE's in the category Qhyper, that allow to elassify smooth solutions starting from 
quantum homotopy spheres. In particular, an integrál h-cobordism theorem in 
quantum Ricci flow PDE's is proved. 

2. Spectra in quantum PDE's 

In this seetion we prove that to any quantum PDE ean be canonically associated 
a Heyting algebra directly related to its integrál bordism group. This is made 



'Compare with the meaning of quantum logic given by G. BirkofE and J. Von Neumann [7]. 
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since an algebraic topologie spectrum is recognized to cliaracterize such an integrál 
bordism group, and topologie speetra ean be eneoded in Heyting algebras. This 
result allows us to look to the mcaning of quantum logie from a more generál point 
of vicw, sinee Heyting algebras eontain Boolean algebras. In order to make this 
páper as self-contained as possible, let us hrst reeall some fundaniental definitions 
and results about Heyting algebras. (There propositions are generally given without 
proof since they are standard. See, e.g., Refs [6, 90] for more informations about.) 

Definition 2.1. 1) A partially ordered systém (E, <) is a non-empty set E, to- 
gether with a relation < on E, such that: (a) if a < b and b < c ^ a < c; (b) a < a. 
The relation < is called an order relation in E. The notation y > x is sometimes 
used in pláce of < . 

2) A totally ordered subset F of partially ordered systém [E, <) is a subset of E 
such that for every pair x,y ^ F either x < y or y < x. 

3) If F is a subset of a partially ordered systém (E, <) then an element x in E is 
said to be an uppcr bound for F if every f in F has the property f < x. An upper 
bound for F is said to be a least upper bound of F (swpF) if every upper bound y 
of F has the property x < y. 

4) In a similar fashion, the terms lower bound and grcatest lowcr bound (in F) 
may be defined. 

5) An element x G E is said to be maximal if x < y implies y < x. 

Example 2.2. Let X be a set and V{X) be the set of all subsets of X . The 
couple {V{X), C) is a partially ordered systém where the order relation is the inclu- 
sion relation C between the sets contained in X . An upper bound for a subfamily 
B C V{X) is any set containing UB, and UB is the only least upper bound of B. 
Similarly HB is the only greatest lower bound of B. The only maximal element of 
V{X) is X. 

Definition 2.3. Let {E, <) be a non-void partially ordered systém. A subset B C E 
with the following three properties will be called admissible with respect to a function 
f : E ^ E such that f{x) > x; and with respect to an element a £ E: 

(a) a € B; 

(b) fiB) C B; 

(e) Every least upper bound of a totally ordered subset of B is in B. 

Theorem 2.4. 1) (Hausdorff maximality theorem) . Every partially ordered systém 
contains a maximal totally ordered subsystém. 

2) (Zorn's lemma). A partially ordered systém has a maximal element if every 
totally ordered subsystém has an upper bound. 

3) (Zermelo well-ordering theorem). Every set E may be well-ordered that is a 
partially ordered systém (£", <) such that: 

(i) a < b, b < a ^ a = b ; 

(ii) any non-void subset of E contains a lower bound for itself. 

Example 2.5. The set N o f positive integers in the usual order is a familiar ex- 
ample of well-ordered systém. 

Definition 2.6. A partially ordered systém (£',<) is said to be complete if: 

(i) a <b and b < a ^ a ^ b: 

(ii) Every non-void subset has a least upper bound and a greatest lower bound. 
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Proposition 2.7 (Tarski). If{E,<) is a complete partially ordered systém , f : 
E ^ E, and x < y implies f{x) < f{y), then f has a fixed element Xo,, i-e., 
/(xq) = Xo, and the set of all fixed elements contains its least upper hound and its 
greatest lower bound. 

Definition 2.8. An element x in a ring R is said to he idcmpotent if x"^ = x, and 
to he nilpotent i/ = for some positive integer n. A Boolean ring is one in 
which every element is idempotent. 

Proposition 2.9. 1) Every Boolean ring is a commutative ring where the identity 

X + x ~ O (or equivalently x = —x) holds. 

2) In a Boolean ring, any prime ideál is maximal. 

Example 2.10. The smallest Boolean ring with unit is Z2 = {0,1}, i.e., the set 
of integers modulo 2. Z2 is actually a field. Conversely every Boolean ring with 
unit which is also a field is necessarily isomorphic to the field %2? If o- Boolean 
ring A does not contain zero divisor it is reduced to O or it is isomorphic to Z2. 
The ring V{X) of subsets of a fixed set X is a Boolean ring with respect to the 
following definitions of multiplication and addition of arhitrary subsets of X: (a) 
multiplication; EF ^ E n F,E,F e V{X)); (b) addition; E + F = {E f^ CF) U 
[CE r\F) ^ {E - F)U {F - E) = EAF ( = symmetric difference ). X is the unity 
element and is the zero element. The Boolean ring V{X) is isomorphic to the 
ring li^^ of the applications X — > Z2.' h : V{X) — > Z2^, h : A ^ h{A) = XA 
where XA is the characteristic function of A. Every Boolean ring is isomorphic to 
a sub-ring of the ring ^L-i^ . Every finite Boolean ring is of the form Z2". 

Definition 2.11. A topological space is said to he totally disconnected if its topology 
has a base consisting of sets which are simultaneously open and closed. 

Example 2.12. A set X with the discrete topology is a totally disconnected topo- 
logical space. 

Theorem 2.13 (Stone representation tlieorem). Every Boolean ring with unit is 
isomorphic to the Boolean ring of all open and closed subsets of a totally discon- 
nected compact Hausdorff space. 

Definition 2.14. A lattice is a partially ordered set L such that every pair x,y of 
elements in L has a least upper bound and a greatest lower bound, denoted by xW y 
and xAy respectively. The lattice L has a unit if there exists an element 1 such that 
X < 1, X £ L. The lattice L has a zero if there exists an element O such that O < x, 
X E L. The lattice is called distributive lattice if x /\ {y W z) = (x A y) V (x A z), 
x,y, z (z L. The lattice is called complemented lattice if for every x € L, there exists 
an x' € L such that xV x' = l, x Ax' = 0. A lattice L is said to be complete lattice 
if every subset bounded above has a least upper bound, or equivalently, every subset 
bounded below has a greatest lower bound. A lattice L is said to be cr-complete 
lattice if this is true for denumerable subsets of L. 

Definition 2.15. A Boolean algebra is a lattice with unit and zero which is dis- 
tributive and complemented. 



Let US recall that Z„, has nonempty set Zero(Zn) of zero divisors iff n is composite, i.e., it is 
of the type n = pq. If n is prime Ze.ro{^n) = 0- In this last case is a field. 
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Proposition 2.16. The concepts of Boolean algebra and Boolean ring with unit 
are equivalent. 

Proof. In fact let i3 be a Boolean algebra and define multiplication and addition 
as: xy ~ X A y, X + y = {x A y') V {x' A y). Then, it may be verified that _B is a 
Boolean ring with 1 as unit. On the other hand, if B is a Boolean ring with unit 
denoted by 1, then ii x < y is defined to mcan x = Xy and x' ^ l + x, then B is a 
Boolean algebra and x\/y~x + y,xAy — xy. □ 

Definition 2.17. If B and C are Boolean algebras and h : B ^ C , then h is said to 
be a Boolean algebra homoniorphisni, ifh{xAy) = h{x)Ah{y), h{x\/y) = h{x)\/h{y), 
h{x') = h{x)' . If h is one-to-one, it is called an isomorphism Boolean algebra. // 
h is an isomorphism and h{B) ~ C , then we say that B is isoniorphic to C . 

Example 2.18. The following are examples of Boolean algebras: 

1) Z2 = {0,1}. 

2) V{X), where < is taken to be the inclusion, and A and V are taken as intersection 
and union respectively. 

Theorem 2.19. Every Boolean algebra is isomorphic with the Boolean algebra of 
all open and closed subsets of a totally disconnected compact Hausdorff space. 

Definition 2.20. 1) A projection in a vector space V means a linear operátor 
E G L{V) with E^ = E. 

2) The intersection A A B and the union AW B of two commutating projections A 
and B in V are projections: 

(a) (intersection) A A B = A o B ; 

(b) (union) AW B ^ A + B - {Ao B). 

The ranges of the intersection and union of two commutating projections are given 
by: {A A B){V) = A(F) n B{V); {A V B){V) = A{V) ® B{V) = Sp{A{V), B{V)), 
where Sp{A(y), B{V)) means the closed linear manifold spanned by the sets A{V) 
andB{V). 

3) The natural ordering A < B between two commutating projections A and B has 
the geometrical significance that A < B is equivalent to A{V) C B(V). 

4) A Boolean algebra of projections in V is a set of projections in V which is a 
Boolean algebra under the operations AV B and A A B which has for its zero and 
unit elements the operators O and idy = 1 G L{V). 

5) The notions of abstract cr-completeness, and completeness can be extended. 

Boolean algebras can be considered particular cases of more generál algebras (Heyt- 
ing algebras) that play important roles in Algebraic Topology. 

Definition 2.21. A Heyting algebra H is a bounded lattice such that for all a,b G 
H there is a greatest element x Cz H such that a A x < b. This element x is called 
the relative pseudo-complenient of a with respect to b, and denoted x = a ^ b. The 
largest (resp. smallest) element in H is denoted by 1 (resp. 0). 

• The pscudo-complement of x G H is the element -^x = a; — >■ 0. 

• A complete Heyting algebra is a Heyting algebra that is a complete latticeý 

^One has a A -la = O, and -la is the largest element having this property. For a Boolean 
algebra, -la is a true complement, but for a Heyting algebra this is not generally assured. In fact, 
in generál a V -la 7^ 1. 

^Complete Heyting algebras are also called frames, or locales, or complete Brouwerian lattices. 
In a frame the meet distributes over infinite joins: a A \J bi = \/{a A bi). 
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• A subalgebra of a Heyting algebra H is a subset K C H , containing O and 1 and 
dosed under the operations A, V and — j-.^ 

• // there exists an element a G H. such that, -la = a, i.e., negation has a fixed 
point, then H ~ {a}. 

Proposition 2.22. The following propositions are equivalent. 

(i) H is a Heyting algebra. 

(ii) (Lattice theoretic dcfinition-a). H is a bounded lattice and the mappings fa : 
H — í- H, fa{x) — a A X, a Cz H, are the lower adjoint of a monotone Galois 
connectionJ 

(iii) (Lattice theoretic definition-b). H is a residual lattice whose monoid operation 
is A.^ 

(iv) (Bounded lattice with aii implication) . Let H be a bounded lattice with largest 
and smallest elements 1 and O respectively, and a binary operation — >■. such that 
the following hold: 

1. a — > a = 1. 

2. a A{a ^ b) ^ a Ab. 

3. b A{a ^ b) ^ a Ab. 

4. a ^ {b Ac) = {a ^b) A{a ^ c). 

(v) (Axioms of intuitionistic propositional logic). H is a set with three binary 
operations — >, A and V, and two distinguished elements O and 1, such that the 
following hold for any x,y, z G H 

1. // X — >■ y = 1 and y — ?> x = 1 then x = y. 

2. Ifl^y = l then y = 1. 

3. X — > (y — ?► .t) = 1. 

4. (x ^ (y -> z)) -> ((x —^y)-?'{x-?' z)) = 1. 

5. xAy— >x = l. 

6. xAy^y = l. 

7. X -ř {y ~> (x A y)) = 1. 

8. X X V y = 1. 

9. y— >-xVy = l. 

10. (x ^ z) ^ ((y z) ^ (x V y z)) = 1. 

11. O -> X = 1. 

Example 2.23. Every Boolean algebra is a Heyting algebra with p ^ q = -ip V q. 

Example 2.24. Every totally ordered set that is a bounded lattice is also a Heyting 
algebra with — > defined in (1). 

^^"^ ^ ^ ^ ~ I 1 , othcrwise. 

For example the set H = {O, ^, 1}, with — > defined in (1) is a Heyting algebra that 
is not a Boolean algebra. It is important to emphasize that in this Heyting algebra 
does not hold the law of excluded middle. In fact one has: ^V-i^ = ^^(5 = 



^Then it follows that K is closcd also undcr —1, hence K is necessarily a Heyting algebra under 
the same operations of H. 

^Then, the relative upper adjoints Qa are given by ga{^) = a x. 

®The monoid unit must be top element 1 . Commutativity of this monoid implies that the two 
residuals coincide as a — >■ 6. 

^The relation < is defined by the condition a < b when a b = 1. Furthermore, —'X = x —> 0. 
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Example 2.25 (Topological Heyting algebra). Let {X,T) be a topological space, 
where T is its sets of open sets. T has a natural structure of lattice that is a 
complete Heyting algebra with binary operations given in (2).^*^ 



A^B = {CA\JB)° ^CiA\B) 
(2) { AAB = Ar\B }A<B^ACB. 

A\/ B = Au B 

Example 2.26 (Topological Heyting algebras induced from partially ordered sets). 
Let {X,<) be a partially ordered set. Then the increasing sets (resp. decreasing 
sets) form a topology (resp. T^) on X, hence are identified topological Heyting 
algebras, say H^ (resp. H^). In such algebras infinite distributive laws hold. 

Proposition 2.27 (Properties of Heyting algebra). 1) (Provable identities). To 
prove truc a formula F(Ai, ■ ■ ■ , A„) of the intuitionistic propositional calculus, by 
means A, V, ^, — )■ and the constants O and 1, is equivalent to statě F{ai, • • • , a„) ~ 
1 for any Oi, ■ • • , a„ S H , where H is a Heyting algebra generated by n variables. 
2) (Distributivity) . Heyting algebras are always distributive, i.e., relations (3) hold. 



a A (5 V c) = (a A 5) V (a A c) 
aV(5Ac) = (a V 5) A (a V c). 



(3) 

• Furthermore in complete Heyting algebras one has relation given in (4) 
(4) X A{/\Y) ^ /\{x Ay : y eYjVx e H,Y C H. 

• Vice versa, any complete lattice satisfying the infinite distributive law (4) is a 
complete Heyting algebra, with relative pseudo-complement operation defined by a ^ 
b = /\{c\aAc < b}. 

Definition 2.28. Two coniplements elements x,y ^ H of a Heyting algebra H are 
characterized by the following conditions: x A y ~ O and x W y = 1. If x admits a 
complement, we say that it is complcmcnted. 

Proposition 2.29 (Properties of complement elements in Heyting algebra). 1) // 

there exists a complement y of x € H , it is unique and one has y = -ix. 

2) If X G H is complemented, then so is -ix, and both are to each other comple- 
ment.^^ 

3) In any Heyting algebra, O and 1 are complements to each other. 

Definition 2.30. A regular element x of a Heyting algebra H is characterized by 
either of the following equivalent conditions.^^ 

(i) X = -i^x. 

(ii) X ~ -^y for some y G H . 

Proposition 2.31 (Properties of regular elements in Heyting algebra). 1) Any 

complemented element of a Heyting algebra is regular. (The converse is not true in 

generál.) Therefore, O and 1 are regular elements. 

2) For any Heyting algebra H the following conditions are equivalent. 



^'^Complete Heyting algebras are seen in categorical topology as generalized topological spaces. 
^^Even if X is not complemented, -ix can be complemented, with complement different from 

X. 

^^The equivalence of conditions (i) and (ii) foUows from the fact that -i-i-ix = ^x. 
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(i) H is a Boolean algebra. 

(ii) Every x Cz H is regular. 

(iii) Every x £ H is complemented. 

3) Any Heyting algebra, H , contains two Boolean algebras Hreg o,nd Hcornp made 
respectively by the regular and complemented elements. In both Boolean algebras the 
operations A, -> and — >■ are the same than in H . For Hcornp o,lso the operation V 
is the same than in H, so that this Boolean algebra is a sub-algebra of H . Instead, 
for Hreg we gct the following different "or" operation: x Vreg U = ~'(Va; A ~'y). 

4) (The De Morgan laws in a Heyting algebra). In any Heyting algebra one has: 

(regular De Morgan law): -'{x W y) — -ix A -ly 
(weak De Morgan law): -^{x Ay) — -i-i(-ia; V -ly). 



(5) 



\fx,y£G 

5) The following propositions are equivalent for all Heyting algebras H . 

1. H satisfies both De Morgan laws. 

2. -i(a: A y) = -IX \/ -^y, Vcc, y £ H. 

3. -i{x A y) ~ -IX W -^y, for all regular x,y £ H . 

4. -i-i(a; V y) = -i^x V -i^y, Vx, y € H. 

5. -i-i{x W y) = xW y, for all regular x,y £ H . 

6. -i(-ix A -ly) = xV y, for all regular x,y £ H . 

7. -.x V -i-ia- = l,yx eH. 

Definition 2.32. A morphism / : Hi — >■ H2 between Heyting algebras is charac- 
terized by the following equivalent relations. 

(i) /(0)-0. 

(ii) /(l) = 1- 

(iii) f{xAy)^f{x)Afiy). 

(iv) f{xVy)^ f{x)V f{y). 

(v) fix^y)^ f{x)^ f{y). 

(vi) fi^x) = -.fix). 

Proposition 2.33 (Propertics of Heyting morphisms). 1. Let Hi and H2 be 

structure with operations — >, A, V (and possibly ^) and constants O and 1. Let 
f : Hi — )■ H2 be a surjective mapping satisfying properties (i)-(vi) in above defini- 
tion. Then if Hi is a Heyting algebra so is H2 too. 

2. Heyting algebras form a category Cheyting .^^ 

3. Let K <Z H be a subalgebra of a Heyting algebra H . Then the inclusion i : K '-^ 
H is a morphism. 

4. One has a canonical morphism H — !■ Hreg, given by x t-^ -^-ix. 

Definition 2.34. A filter on a Heyting algebra H is a subset F Q H such tha the 
following conditions hold. 

(i) 1 e F. 

(ii) x,y E F then x Ay £ F . 

(iii) x £ F , y £ H , X < y then y E F. 
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^■^Complete Heyting algebras form three different categories having all the same objects, but 
having different morphism. In Tab. 1 are resumed these categories. The category Top of topologie 
spaces admits a representation in the category S!,ocales of locales. However, many important 
theorems in point-set topology require axiom of choice, that has not an analogue in Zocales. 
Therefore, not all propositions in Xop can be translated in £,ocales. 

^^Note that the composition H — > Hreg ^ H is not in generál a morphism, since the join 
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Table 1. Complctc Hcyting algebras categories. 



Symbol 


Definition 


Note 


€heyting 


OhiZheyting) — {complete Heyting algebras} 

Hom{Cheyting) — {liomomorpliism of complete Heyting algebras} 




^rames 


Ob{^rames) — {lattices L, where every subset (ai) C L has a supremum V 
such that 6 A (V a*) ^ V(«í A b)}. 

H orn{^rames) — {lattices homomorphisms respecting arbitrary suprema} 




Zocales 


£,ocales — C^rarnesY^P^ 


There exists 

a natural functor 

Top — >■ S,ocales 



lop denotes tlie category of topological spaces. Tlie axiom of choice is required for many important theorems 
in point-set topology, but it does not exist for locales. 



Proposition 2.35 (Properties of filter on Hcyting algebra). 1) The intersection of 
filters on a Heyting algebra H is again a filter. 

2) We call filter generated by a subset S Q H oj a Heyting algebra H , the smallest 
filter F on H containing S . If S ^ then F = {f }. If S ^ then F = {x 
H\yi Ay2 A - ■ ■ Ayn <xyi e S}. 

3) If F is a filter on a Heyting algebra H , there is a Heyting algebra H / F , called 
quotient of H by F, such that pp '■ H — > H/F is a morphism. More precisely 
H/F = H/ ~, where ~ is the equivalence relation (6) in H induced by F. 



(6) xr^y<^ 



X ^ y e F 
y ^ X e F. 



4) (Universal property). Let C H be a subset of a Heyting algebra H, and let 
F the corresponding filter generated by S. Given any morphism f : H ^ H' of 
Heyting algebras, such that f(y) = 1, Vy G S, there exists a unique morphism 
/' : H/F — > H' , such that the diagram (7) is commutative. 

(7) H ^ H' 




H/F 

5) The kcrncl of a morphism f : Hi — > H2 of Heyting algebras is the filter ker / = 
/^^({f}) C Hi. The morphism f : iíi/(ker/) —5- H2, for universal property, is an 
isomorphism: iíi/(ker/) = /(ífi) <liÍ2- 

Theorem 2.36 (Heyting algebra of propositional formulas in n variables up to 
intuitionistic equivalence). To the set of propositional formulas in the variables 
Ai, . . . , An, one can canonically associate a Heyting algebra. (Similar properties 
hold also for any set of variables {Ajj.jg/ that are conditioned to some theory T.) 

Proof. Let us introduce in the set L of propositional formulas in the variables 
Ai,. . . ,An, a prcordcr < dcfined by F < G if G is an (intuitionistic) local conse- 
quence of F. This preorder induccs an equivalence relation ~ini: F ~ G <^ F < 
G, G < F. Then Hq = L/ ~ is a Heyting algebra. Furthermore, the preorder On L 
induces on Hq an order relation <. □ 



Theorem 2.37 (Spcctra in Algebraic Topology and Heyting algebras). Spectra in 
algebraic topology identify Heyting algebras. 
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Proof. We say that the spectrum X is acyclic with respect to certaiii theory E if 
E A X is contractible: E A X pt. Two spectra are Bousfield equivalent if they 
havc the same acyclic spectra: 

E ^ F ^\JX : E A X ~ pt ^ F A X ^ pt. 

Let US denote \sy < E > the Bousfield class of the spectrum E. One has the 
foUowing lemmas. 

Lemma 2.38 ([55]). Bousfield classes form a set B of cardinality at mostH2 > c}^ 

Lemma 2.39 ([36]). One can define partial ordering in the set of Bousfield classes 
by 

<E>><F>^WXEAX~pt ^ F AXc^ pt. 
The set of Bousfield classes form a complete lattice. The join is given by the wedge 
V. The smallest element is < pt > and the largest element is < E{S'^) >. The meet 
X is given by the join of all lower bounds}^ Let us denote by DL C B the subset 
of the Bousfield lattice such that < E > A < E >=< E A E >=< E >. DL is a 
distributive lattice, (clistributive Bousfield lattice and it is just a complete Heyting 
algebra}"^ 

The inclusion DL ^ B preserves joins but does not preserve meets. Furthermore, 
there is a retraction r : B ^ DL, defined by 

r<X>= \/{< Y >eDL \ <Y ><<X >}. 

r can be considered the right adjoint of the functor i, by considering any partially 
ordered set a category with a unique map from x to y iff x < y}^ r preserves smash 
product: r{< X > A <Y>) = r<X> Ar <Y >. 

After the above two lemma the proof of the thcorcm is done. □ 

Example 2.40. All ring spectra and all finite spectra are in DL. 

Proposition 2.41. The set of < E >G DL such that the pseudocomplement < 
E >^< pt > is really the complement is a Boolean algebra BA C DL. 
Furthermore into BA is contained a Boolean algebra FBA isomorphic to the Boolean 
algebra of finite and co-finite subsets of N; this is just the subalgebra of all finite 
p-local spectra. 

Theorem 2.42 (Integrál spectrum of quantum PDEs). 1) Let Ek C J^[W) be a 
PDE in the category Q of quantum manifolds [66, 68, 77, 78, 79, 80, 81]. Then 
there is a spectrum {Ss} (singulár integrál spectrum of quantum PDEs), such that 
n^^l = hm np+riĚ+ A Er), íí^/ = lim [S^Ě+,Ep+r], p £ {0, 1, . . . , n - 1}. 



is the cardinality of all subsets 'P(M) of M and it is greater than the cardinality c of the 
continuum, i.e., that of R. (Recall that 3i = 2^»-i , and = Ho-) 

^^But, this meet does not distribute over infinite joins and the smash does. So it is interesting 
to consider a structure where the meet coincide with the smash. 

^^This is endowed with three operations: wedge, V and =>, where a =í> 6 is the greatest x such 
that a A X < b. Therefore DL is a frame. (See Definition 2.21 and [10].) 

^^A functor between complete lattices preserves colimits iff it preserves arbitray joins. For 
maps f : A —> B, g : B A, between partially ordered sets A and B, g is right adjoint to / iff 
f{x) <yis equivalent to a; < g{y). 

l^That is the greatest < F > such that < E > A < F >< pt, i.e., < E A F > AX ~ pt ^ 
ptAX~ pt. 
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2) There exists a spectral sequence {Ep^^} , (resp. {E^'''}), with E^^^^ Hp{Ek,Eq{*)), 

(resp. E^''^ = HP{Ek, E"^ {*))), converging to Q,^)., (resp. ^*^^)- We call the spectral 

sequences {-Ep^} and {£'^'*} the integrál singulár spectral sequences of Ek- 

Proof. The proof follows directly from natural extensions of analogous ones for 
PDE's in the category of commutative manifolds. See [65]. □ 

From abovc results we are able to associate Heyting algebras to any PDE considered 
in the category of quantum PDE's. In fact we have the following. 

Theorem 2.43 (Heyting algebra of a quantum PDE). Let Ěk C J^iW) be a PDE 
in the category 13 of quantum manifolds. Then Ek identifies a Heyting algebra, 
H{Ek), that we call spectral Heyting algebra of E^. 

Proof. Aftcr Theorem 2.37 and Theorem 2.42 we can conclude that to the spectrum 
Ss on can associate a Heyting algebra that is just H{Ek). □ 

Remark 2.44. Compare this new result with reinterpretations of quantum theory 
by using topoi. (See, e.g. Refs. [5, 43, 33]. Recall that subobjects of any object in 
a topos form a Heyting algebra. Furthermore, it is possible identify a topos for any 
non-abelian C* -algebra B , as the topos of covariant functors over the category C of 
abelian subalgebras of B. C induces an internal abelian C* -algebra C in this topos 
o f functors. The GeVfand spectrum of C is the spectral presheaf.J^^ 

Remark 2.45. Direct extensions of Theorem 2.42 and Theorem 2.43 for PDE's, 
in the category Os of quantum super manifolds, hold too. 

3. Quantum hypercomplex PDE's 

Following our previous works devoted to quantum PDE's, we consider, now, the 
category of quantum hypercoplex manifolds Qhyper and we recaste our theory of 
quantum PDE's, considering PDE's in Qhyper emphasizing the geometrie new math- 
ematical structures and the characterizations that these generate. Then theorems 
for existence of local and globál solutions are obtained for such quantum PDE's 
that extend analogous previous results for quantum PDE's. 

For definitions and fundamental results on quantum manifolds see [77, 78, 79, 80, 
81, 83, 84]. Let in the following, introduce the new definitions related to quantum 
hypercomplex manifolds. 

Definition 3.1. A quantum hypercomplex r- algebra, O < r g N, is the extension 
Qr = B^^Ar, where B is a quantum algebra in the sense of [77, 78, 79, 80, 81, 
83, 84] and Ar, is an W-algebra in the Cayley-Dikson construction. (We assume 
that B is a quantum 'K-algebra, with K = R or K = C.J We call any q £ Qr a 
quantum hypercomplex number.^^ 

'^'^For generál informations on topos theory see, e.g., the following [5, 44, 47, 48, 99]. 

^^Let US recall that the Cayley-Dikson algebra Ar = is an R-algebra structurc on the 
R-vector space = X , given inductively by the formula (ai , a2)(fei , 02) = (aifci — 

5202,6201 + 0261), where a = (01,-02) 6 R^'' = R^''^^ X R^''"^ with Áo = R and Ai = C, 
A2 = H, A3 = O. The algebras Ar, O < r < 3 are called the classical Cayley-Dickson algebras. 
For classical Cayley-Dickson algebras holds the Hurewitz's theorem: \\ab\\ = ||o|| ||ř)||, Vo, fe S Ar, 
r = 0,1,2,3, where ||.|| denotes the euclidean norm in R^ . For r > 4 does not nocessitate the 
product preserves the norm. In fact, for r > 4 onc has Cayley-Dikson algebras Ar with noncmpty 
set Zero(Ar), of zero divisors. 
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Proposition 3.2 (Propcrtics of quaiitum hypercomplcx algebras). 1) Qr is a quan- 
tum vector space of dimension 2^ with respect to the quantum algebra B. Therefore, 
Qr is a metrizable, complete, HausdorjJ, locally convex topological "K-vector space 

2) Qr has a natural structure of M^- algebra. Furthermore one has the following 
properties 

(i) Qr is also a ring with unit e; 

(ii) e : K — >■ Z{Qr) C Qr is a ring homomorphism, where Z = Z{Qr) is the centre 

of Qr; 

(iii) c : Qr ^ ^ is a K.-linear morphism, with c(e) = \, e =:unit of Qr- For any 
a £ Qr we call ac = c(a) £ K the classic limit of a; 

(iv) Qr is a non-associative K.-algebra, for r > 3. We say that Qr = B^^Ar is 
m-associative if Ar is m-associative, i.e., there exists an m-dimensional subspace 
V C Ar such that {y.x).z = y.{x.z), for all y, z G Ar and x € S . This means that 
one has also ((a ® y)-{b ® x)).{c z) — {a ® y)-{{b Cš x).{c Cš z)), Va, bc G B. 

Qs is an alternativo K-algcbra, i.e., a^b = a{ab) and ab^ ~ {ab)b, Va, b (E Q3. 

(v) Qr = K{^jj Ar, is a flexible K-algebra, for r > 4, i.e., a{ba) — {ab)a, Va, b £ 

Qr- 

(vi) One has the following implications for the quantum hypercomplcx algebras Qr: 
Associative ^ Alternativě =í> Flexible, but the backwards implications are not 
truc. The canonical product in Qr is nonassociative for r > 3, since Ar is a 
nonassociative algebra for r > 3. 

3) One has the short exact sequences reported in (8). 




O ^ B Qr — ^ Qr/B ^ O 

O ^ Ar — ^ Qr — ^ Qr/ Ar ^ O . 



This means that any quantum hypercomplcx algebra Qr is an extension of a quan- 
tum algebra B and a Cayley-Dickson algebra Ar, where both can be considered 
subalgebras of Qr, and one has the canonical isomorphisms reported in (9). 

(9) Qr ^ (B(g)l).(es(g)A,) = (es (g) A,).(B (g) 1). 

4) The nuclcus Nucieus{Qr) of Qr, i.e., the set of clements in Qr which associatcs 
with every pair o f clements a, b £ Qr, is an associative subalgcbra of Qr, containing 
the center Z{Qr) that is a commutative associative subalgcbra of Qr. 

Froof. 1) In fact for any basis {ep}i<p<2r, one has an R-isomorphism A^ = . 
This induces an isomorphism Qr = A^ . This means that {1 ® ep\i<p<2r, 1 G ^, 
is a A- basis for Qr, hence any vector q & Qr, i-e., any quantum hypercomplex 
r-number, admits the linear representation given in (10). 

(10) 1= Yl oF{l®ep),aP £ A. 

l<p<2r 

In fact, any q £ Qr can be written in the form q = X^ie/ ®bi, with a^ G B and 
bi G Ar. Representing each bi in a basis {ep}i<p<2r of A^, we get: 
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1 = Y^iel ® 

= E.e/;i<p<2- ® ep 

= Ei<p<2- ® (1 «) ep), cf = a^bP G B, 1 ® ep G 
2) The product in Qr is given by (11). 

' a.b ^ iY^.^ja' (»ai).{Y,j^jb^ <»bj), a\bi e B, ái,bj e Ar 



(11) 



= E(íj)6e/x j c'-' dý-, = ď-V e B, dij = ttibj G A^. 

By using the linear representations of a, 6 G Qr, with respect to a A-basis {1 
ep}i<p<2r, we get the expression (12).^^ 

r = (Ei<p<2'- "''(l ® ep).(Ei<,<2. fe^l ® e,), aP, W^B 



(12) 



Ei<p,,<2^«^6''(l®epe,) 
Ei<fe<2- c''(l ® efe) 

' = Ei<p.,<2- "^^-^(epe,)^ G B, (cpe,)'^ G 



= Ei 



<fc<2^ 



(epeg)''efc G A,.. 



Thus this product is M-bihnear and unital with unit e G Qr given by e = es ® 1, 
where is the unity in B and 1 is the unity in A^. Then, the properties hsted 
above, foUow directly froni analogous ones for the Cayley-Dickson algebras A^. 

3) In fact the mappings a and c in (8) are the canonical inclusions b ^ b (š l and 
a es Cg) a respectively, for b £ B and a G A^. Furthermore, the mappings 6 and 
d in (8) are the canonical projections. 

4) These properties directly foUow from definitions. Let us emphasize only that 

ZiQr) = {a G NucleusiQr) \ ab = ba, V6 G Qr}. □ 

Definition 3.3. A quantum hypercomplex vector space of dimension (mo, . . . , TOs) G 
N'% built on the quantum hypercomplex algebra A = Qq x ■ ■ ■ x Qs , is a locally convex 
topological ¥^-vector space E isomorphic to Q™° x . . . Q™'^ . 

Definition 3.4. A quantum hypercomplex manifold of dimension (mo,...,TOs) 
over a quantum algebra A = Qo x ■ ■ ■ x Qs of class Q^, < k < cx),w, is a 
locally convex manifold M modelled on E and with a Q^-atlas of local coordinate 
mappings, i.e., the transaction functions f : U d E ^ U' G E define a pseudogroup 
of local Q^-homeomorphisms onE, where meansC^, i.e., weak differentiability 
[38, 63; 66, 68], and derivatives Z-linaires, with Z = Z{A) the centre of A. So for 
each open coordinate set U C M we have a set ofmo + - ■ ■ + ms coordinate functions 
: U A, (quantum hypercomplex coordinatesj. 



^^The 2^"" numbers ; 



(epEq)^ S R, are callcd multiplication constants of 
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Definition 3.5. The tangent space TpM at p Cz AI , where M is a quantum hyper- 
complex manifold of dimension (mo, . . . , mg), over a quantum hypercomplex algebra 
A = Qq X ■ ■ ■ X Qs of class Q^, k > O, is the vector space of the equivalence classes 
v = [f] of (or equivalently ) curves f : I ^ M, I = open neighborhood of 
O G R, /(O) ~ p; two curves /, /' are equivalent if for each (equivalently, for some) 
coordinate systém pL around p the functions pL o f , pL o f : I ^ x ■ • • x Q™= 

have the same derivative ař O G M. 

Remark 3.6. Then, derived tangent spaces associated to a quantum hypercomplex 
manifold M can be naturally defined similarly to what made for quantum manifolds. 
(For details sec [63, 66, 68, 77, 78, 79, 80, 81, 83, 84] J 

Definition 3.7. We say that a quantum hypercomplex manifold of dimension 
(mo,...,ms) is classic regular if it admits a projection c : M ^ Mc on a n- 
dimensional manifold Mc- We will call Mc the classic limit of M and in order to 
emphasize this structure we say that the dimension of AI is {n 7tiq, . . . ,TOs)- 

Definition 3.8. The category Lihy per of quantum hypercomplex manifolds, is made 
by Ob{£lhyper) that contains all quantum hypercomplex manifolds, and morphisms 
Hom(£lfiyper) o-fc mappings of class between quantum hypercomplex manifolds. 
In order that HoruQ^^^^^ (M, N) should be non empty, it is necessary that, whether 
M, (resp. N), is modeled on the quantum hypercomplex algebra A, (resp. A'), and 
A' should be also a Z{A)-module, where Z = Z{A) is the centre of A. 

Remark 3.9. Let tt : W ~> AI be a fiber bundle in the category Q^yper, such 
that AI is of dimension m on A and W of dimension (m, s) on B = A x E, 
where E is also a Z (A) -module. Then we can define the k-order jet- derivative 

space for sections of n, JĎ (W) as an object in Qhyper, similarly to what made 
for jet-derivaive spaces in the category Q. So in the following we will formally 
resumé the definition of PDE's in the category Uhyper, by adapting the language 
for analogous geometrie structures just previously considered in the category L}. 
(See Refs. [63, 66, 68, 77, 78, 79, 80, 81, 83, 84].; 

A quantum PDE (QPDE) of order k on the fibre bundle tt : W ^ M, defined in 
the category of quantum hypercomplex manifolds, is a subset Ék C JĎ''{W) of 
the jet-quantum derivative space JD''(W) over M. We can formally extend the 
geometrie theory for quantum PDEs, previously considered in [63, 66], to PDE's 
in the category Qhypen since the intrinsic formulation therein is not influenced 
by the non-associativity of the underlying quantum hyoercomplex algebra. In 
the following we shall emphasize some important definitions and results about. A 
QPDE Ek is quantum regular if the r-quantum prolongations Ek+r = JD^{Ek) H 
JÍ)fc+'-(iy) are subbundles of TTk+r,k+r-i ■ JĎ''+'-{W) JĎf^+^-^W), Vr > 
0. Furthermore, we say that E^ is formally quantum integrable if Ek is quantum 
regular and if the mappings Ek+r+i Ek+r, Vr > O, and tt^ q ■ Ek ^ W are 
surjective. The quantum symbol gk+r of Ek+r is a family oí Z = Z(A)-modules 
over Ek characterized by means of the following short exact sequence of Z-modules: 
O ^ '^k+r9k+r ^ vT Ek+r ''^k+r k+r-i'^^ Ek+r-1 ■ Then oiic has tlic foUowiug 



■^•^In the following we shall consider fiber bundles of this type. 

^^This is, instead, important in the local writing and meaning of PDE's. 
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complex of Z-modules over Ek {5-quantum complex): 

O ^gm — ^ Homz{TM;gm-i) — ^ Homz{ÁlM; grn-2) ^ > ■ ■ ■ 

^ HomziÁ^^-^M; gu) S{HomziÁ",'-'' M; g^)) O 

where ÁgM is the skcwsymmctric subbundlc of Ť^M = TM ®z ■■■r--- ®z TM. 
We call Spencer quantumcohomology of Ek the homology of such complex. We 
denote by {^™^"''"' }gg_Ě^ the homology at {Homz{Af^M; g,n-j))q. We say that Ek 
is r-quantumacyclic if ií™'-' ~ O, m > k, O < j < r, £ Ek- We say that Ek is 
quantuminvolutive if íř™'-' = O, m > k, j > 0. We say that Ek is 5-regular if there 
exists an integer kq > k, such that g^o is quantum involutive or 2-quantumacyclic. 

Theorem 3.10 (á-Poincarc lemma for quantum PDE's in the category Qhyper)- 
Let Ek C JD'^{W) be a quantum regular QPDE. If Z is a Noetherian ^-algebra, 
then Ek is a 5-regular QPDE. 

Proof. The proof can be copied by the analogous theorem formulated in the cate- 
gory of £1 [63, 66]. In fact that proof is given there in intrinsic way, thus it does 
not depend on the particular coordinates representation. Really, from the formal 
point of view the difference between a quantum manifold M of dimension m over a 
quantum algebra B, and a quantum hypercomplex manifold of dimension m over 
a quantum hypercomplex algebra Qr ~ B ®r A^, is that the quantum coordinates 
x"^ on M take values in the associative algebra B and the quantum coordinates 
on N take values in the algebra Qr, that is not associative for r > 3. But the cven- 
tual non-associativity does not influence the geometrie intrinsic formal properties of 
(nonlinear) PDE's built in the category ilhyper- (For complementary informations 
on nonassociative algebras see, e.g., [91].) □ 

Theorem 3.11 (Critcrion of formal quantum integrability in the category Qhyper)- 
Let Ek C JD^iW) be a quantum regular, 5-regular QPDE. Then if gk+r+i is a 
bundle of Z-modules over Ek, and Ek+r+i Ek+r is surjective for O < r < m, 
then Ek is formally quantum-integrable. 

Proof. The proof can be copied by the analogous theorem formulated in the cat- 
egory of [63, 66]. (Considerations similar to the proof in Theorem 3.10 can be 
made here too. □ 

An initial condition for QPDE Ek C JD''{W) is a point q € Ek. A solution of 
Ek passing for the initial condition g is a m-dimensional quantum hypercomplex 
manifold N C Ek such that q € N and such that N can be represented in a 
neighborood of any of its points q' € N, except for a nowhere dense subset T,{N) C 
N of dimension < m — 1, as image of the fc-derivative D''s of some Q,^-section s of 
TT : W ^ M. We call S(iV) the set of singulár points (of Thom-Bordman type) of 
N. IÍY,{N) 7^ we say that TV is a regular solution oí Ek C JD'^{W). Furthcrmore, 
let US denote by J,^(íy) the fc-jct of m-dimensional quantum manifolds (over A) 
contained into W. One has the natural cmbcddings Ek C JD''{W) C J!^{W). 
Then, with respect to the cmbcdding Ek C J^^{W) we can considcr solutions of Ek 
as m-dimensional (over A) quantum hypercomplex manifolds V G Ek such that V 
can be represented in the neighborhood of any of its points q' V , except for a 
nowhere dense subset ^{V) C V, of dimension < m — 1, as N'^''\ where A'''^'^^ is 
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the fc-quantum proloiigation of a m-dimensional (over A) quantum hypercomplex 
manifold N C W. In the case that = 0, we say that ^ is a regular solution 

of C J^{W). Of coursc, solutions V oi C J^{W), even if regular oncs, 
are not, in generál diffeoniorphic to their projcctions nk{V) C M, hence are not 
representable by mcans of sections oi n :W M . 

Therefore, from Theorem 3.10 and Theorem 3.11 we are able to obtain existence 
theorems of local solutions. Now, in order to study the structure of globál solutions 
it is neccssary to consider the integrál bordism groups of QPDEs. In [63, 66] we 
extended to QPDEs our previous results on the determination of integrál bordism 
groups of PDEs [64, 65, 66].^^ Let us denote by íž^'', O < p < m — 1, the integrál 
bordism groups of a QPDE E^ C J^iW) for closed integrál quantum hypercomplex 
submanifolds of dimension p, over a quantum hypercomplex algebra A, of Ek- The 
structure of smooth globál solutions of Ek are described by the integrál bordism 
group corresponding to the oo-quantumprolongation Eoo of Ek. Beside the 

groups we can also introduce the integrál singulár p-hordism 

groups ^íž^^, O < p < ?7i - 1, where B is a quantum hypercomplex algebra. Then 
one can prove that ^íž^^ = íž^^ ®kB, where fž^^ are the integrál singulár bordism 
groups for i? = K. Furthermore, the equivalence classcs in the groups '^íl^* are 
characterized by means of suitable characteristic numbers (belonging to B), sim- 
ilarly to what happens for PDEs in the category of commutative manifolds and 
quantum (super) manifolds. (For details see [63, 66, 68, 77, 78, 79, 80, 81, 83, 84].) 

Example 3.12 (Quantum quaternionic manifolds). Since the category of Qr, for 
O < r < 1, coincides with the category of quantum manifolds ower K = M, C, that we 
have just explicitly considered in some our previous works, let us first concentrate 
our attention on the category Q2, i-c., with the category of quantum quaternionic 
manifolds. Really, also an algehraic topology of PDE's in this category has been 
considered by us in some previous works (see [68] and references therein). However, 
may be useful to recall here these resultsin some details. 

Let us first recall some algebraic definitions and results on quaternionic and Cayley 
algebra [9]. Let R be a commutative ring. Let a, f3 G R, (61,62) the canonical 
basis of the R-module R^ . We say quadratic algebra of type (q;,/3) over R the R- 
module R^ endowed with the structure of algebra defined by means of the following 
multiplication: 

(13) el = 61, 6162 = 6261 = 62, 62 = aei + Í3e2. 

Any R-algebra E, isomorphic to a quadratic algebra is called a quadratic algebra 
too. (Any R-algebra E that admits a basis of two elements (one being the identity) 
is a quadratic algebra.) Then the basis is called a basis of type (a,/3). A quadratic 
algebra E is associative and commutative. Let E be a quadratic R-algebra, e its unit. 
Let u £ E and T{u) the trace of the endomorphism x i— >■ ux of the free R-module 
E. Then the application s : E E, s{u) = T[u).e — u, is an endomorphism of the 
R-algebra E and one has s'^{u) = u, \fu £ E . A Cayley algebra on R is a couple 
{E, s), where E is a R-algebra, with unit e € E, and s is a skew endomorphism of 
E such that: (a) u + ít € Re, (b) u.u G Re, with u = s{u), Vu G E. s is called 
conjugation of the Cayley algebra E and s(u) = u is the conjugated of u. From the 



25See also Refs. [69, 70, 71, 72, 73, 74, 75, 76]. 
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Table 2. Multiplication table, trace and norm formulas for 
quaternionic algebra F = of type (a, /3, 7) with basis (O, i, j, k). 





i 


j 


k 


trace and norm formulas 


i 


ae + /3j 


k 


aj + /3k 




3 


/3j-K 


■ye 


/37 — 74 


Nf{u) = p2 + I3p^ _ „^2 _ ^(^2 _^ _ „^2) 


k 


-aj 


7Í 


—076 


NfÍuv) = Np{u)Np{v) 



u = pe + + rij + f re, p, ^, t), S K; u = {p + f5£^)e — — T)jř — f re. 

ií commutative ring. e unit of the quadratic algebra (E, s) of type (a, /3). 



condition (a) ií follows that uu = uu. One defines Cayley trace and Cayley norm 
respectively the foUowing maps: T : E Re, u 1— > T{u) ^ u + u; N : E ^ Re, 
u I— > N{u) — u.u. One has the following properties: 

(1) ě = e; 

(2) s{u + s{u)) = u + s{u) ^ s{u) + s^(u) = u + s{u) ^ s^(w) — u ^ s'^ ~ ids; 

(3) T{u) = T{u); 

(4) N[u) = 7V(m); 

(5) {u-u){u-u) = Q^ - T{u).u + N{u) = 0; 

(6) Let E be a R-algebra and let s,s' be skewendomorphisms of E such that {E,s) 
and {E,s') are Cayley algebras. If E admits a basis containing e, one has s = s' ; 

(7) u + v ^ u + v; au — au; u7u = v.ú, Va G R, Vu, v G E; 

(8) T(e) - 2e; N{e) = e; 

(9) T{uv) = T{vu); 

(10) Tivu) = T{uv) = A^(u + v)- N{u) - N{v) = T{u)T{v) - r(íií;),- 

(11) N{au) = a^N{u); 

(12) {T{u)f-T{u^)^2N{u); 

(13) T is a linear form on E and N is a quadratic form on E. 

• (Cayley extension of a Cayley algebra {E, s) defined by an element 7 G iž). Let 
{E,s) be a Cayley algebra and let 7 G i?. Let F be the R-algebra with underlying 
module E x E and with multiplication {x,y){x' ,y') = {xx' +'yy'y,yx' + y'x). Then 
(e,0) is the unit of F and E x {0} is a subalgebra of F isomorphic to E that can 
be identified with E. Let t be the permutation of F defined by t{x,y) = (x,~y), 
yx,y G E. Then the couple {F^t) is a Cayley algebra over R. Set j ~ (0,e). 
So we can write {x,y) = (a;,0)(e,0) + (O, y)(0,e) = xe + yj. One has yj ~ jy, 
x{yj) = {yx)j — {xj)y — (xy)j, {xj){yj) = yxe, = e. Furthermore, one has 
Tp^xe + yj) = T{x), Np{xe + yj) — N{x) — jN{y). F is associative iff E is 
associative and commutative. 

As a particular case one has: If E ^ R (hence s ~ idfij, the Cayley extension of 
{R.idfí) by an element j G R is a quadratic i?-algebra with basis (e, j) with j^ = 76. 
Another particular case is the following. Let E be a quadratic algebra of type {a, j3) 
such that the underlying module is R^ with multiplication rule given by means of 
(13) for the canonical basis. Let the conjugation s be the conjugation in E. Then 
for any 7 G i?, the Cayley extension F of {E, s) by means of ^ is called quaternionic 
algebra of type (a,/3,7). (This is an associative algebra.) The underlying module 
is iž*. Let US denote by (O, i,j, k) the canonical basis of R'^ . Then the corresponding 
multiplication rule is given in Tab. 2. (In the same table it are also reported the 
trace and norm formulas.) 
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Table 3. Multiplication table, tracc and norm formulas for 
quaternionic algebra F = ií* of type (a, 7) with basis (O, i, j, k). 





i 


j 


k 


trace and norm formulas 


i 


a e 


K 


aj 


Tp{u) = 2p 


3 


— K 


■ye 


— 7Í 


Nf(u) = - - 7?)^ + aC^ 


k 


-aj 


7 i 


—a 7 e 





u = pe + S^i + r)j + C,K, p,í,,ri,C, aW^; u = pe — i;i — r]j — <Jk. 



An R-algebra isomorphic to a quaternionic algebra is called a quaternionic algebra 
of type (a, /3,7), if it has a basis with multiplication table given in Tab. 2. 
If P ~ O we say that the quaternionic algebra is of type (a, 7). The corresponding 
multiplication table is given in Tab. 3. 

In particular i/ i? = K = R, a = 7 = —1, = O, F is called the Hamiltonian 
quaternionic algebra and is denoted by M. In this case N{u) ^ O, hence u admits 
an inverse = N{u)~^u in H, therefore H is a noncommutative corp. Any fintě 
1^-algebra that is also a corp (noncommutative) is isomorphic to H. Any quater- 
nion (7 G H can be represented by q = pe + + rjj + Qk, where i,j, k are linearly 
independent symbols that satisfy the following multiplication rules: ij = k = —ji, 
jk = i ~ —kj, ki = j ~ —ik, i"^ ~ p = k^ ~ —1. One has the following M.-algebras 

homomorphism: A : H — > il/(2; C), g i— > ^ c^^^di 6í ) ' where i is the imag- 

inary unity of C The matrices = —iA{k), Oy = —iA[j), = —iA(i), where 

Aii) ^ ^ g '^í ) ' ^(i) ^ ^ ^\ O ) ' ^^^^ ~ í ^ )' '^'"^ ca/fed Pauli matri- 
ces and satisfy = 0"^ = cr^ = 1, a^Oy = — Cy = (Tx = i(Jz- The set Hi = N^^{1) 
of quaternions of norm 1 is isomorphic to the group SU{2): Hi ^ SU{2). The 
??-dimensional quaternionic space H" has a canonical basis {ek}i<k<n, Gk £ 
and any v e H" can be represented in the form v ~ Tlii<k<n1^^k, £ El, 
(q^ =quatcrnionic componcntsj. As any quaternionic number q admits the follow- 
ing representation q ~ x+yj ~ x+jy, with x ~ pe+^i, y = rj+í^i, where x and y can 
be considered complex numbers, then one has the following isomoprphism H" = C'^", 
(g*^) i— > (x*^, y'^), where C'^" has the following basis (ei, . . . , e„, jei, . . . , je„). We 
write dimeH" = n, dimcM" = 2?!. By using difjerent quaternionic bases in H" 
one has that the quaternionic components of any vector v G H" transform by means 
of the following rule q'^ ~ X]i<i<n'?*^ř' (^f) ^ GL{n,W). Furthermore, the corre- 
sponding complex components transform in the following way: 

fh „.ITJí ^Jh ^luh I ,Ít;/i1 \h 



iX = X a 



y^h\, y"" =x^b'i' + y^á'l} , \^ = a\' + b\'j. 



Then one has a group-homomorphism GL(n, H) A G'L(2??, C), such that if A ~ 
A + Bj G GL{n,E.), then c(A) = ^ ^- On H" there is a canonical 

quadratic form \v\'' = Ei<fc<„ = Ei<;c<n <řt - Ei<fc<„(k'=l' + Iž/I') € % 
where v = q^^^k, q^ G H, g'' = x*^ + y^ j , x^,y^ G C. 5*0 such a quadratic form 
coincides with the ordinary norm of the vector space C^". Furthermore one has 
on H" the following form < vi,V2 >m= Z]i<fc<n9i92 £ El, = Si<fc<„ ^i^efc; 
i = 1,2. The quaternionic transformations 0/ H", that conserve above form a 
group Sp(n) C GL(ri,M). As we can write < ui,W2 >h in the following way: 
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Ei<fc<7i(^í^2 + 2/12/2) '"li "2 >c= hemíitiam form inC^" 
fi>f2 H ^ — = , ujjc = skcwsymmatric forni in C^" 

we see that A G Sp{n) preserves the hermitian form and the skewsymmetric form. 
Therefore c{Sp{n)) C U{2n) and it is formed by the unitary transformations ofC'^" 
that preserves the antisymmetric form cíi'!, W2)c-^^ 

• Let B be a quantum algebra. We define Cayley i3-quaiitum algebra any quantum 
algebra C that is obtained from a Cayley 'K-algebra A, by "extending the scalars" 
from K to B, i.e., C = B®^^A. 

The noncommutative B-quaternionic algebra B(E)%M- is a Cayley B-quantum algebra 
over K = M endowed with the natural topology of Banach space and considering the 



linear morphism c = cb®\T : B®yJ^ — >■ where T is the trace o/H. (Anoth 



er 



possibility is to take c = cb^šN , where N is the norm o/H. In this last oase, whether 
B is an augmented quantum algebra, then B Cx)^ H becomes au augmented quantum 
algebra too.) 

• A quantum i?-quatcrnionic manifold of dimension n and class QÍ,0<k< 00, UJ, 

is a quantum manifold AI of dimension n and class over the B-quantum algebra 

C = B (8)K H. Then the quantum coordinates in an open coordinate subset U <Z M 

are called B-quaternionic coordinates, {q''}i<k<n, q'^ :U ^ C.^'' 

The category Cg, of quantum _B-quaternionic manifolds of class Q^, is defined 

by considering as morphisms maps of class Q^, between quantum B-quaternionic 

manifolds. 

Example 3.13 (Quantum quatcrnionic Mobius strip). Let us denote I = [— tt, tt] C 

M, = / X H. Let us introduce the following equivalence relation in N : {x,y) ~ 
{x,y) if X ^ —TT,TT, (— TT, — y) ~ (tt,?/). Then N/ M is called noncommutative 
quatcrnionic Mobius strip. One has a natural projection p : M ^ , given by 
p{[x,y]) = X G 'if X ^ — "iTjTr, and p{[Tr,y]) = * G , where * is the point of 
= //{— 7r,7r}, corresponding to {— tt, tt}. One can recover M with two open sets: 

{ííi =p-i(C/i), C/i=]-7r,^[; n2=p~\U2). U2 = S^\{Q}]. 

We put quatcrnionic coordinates on íž^, i ~ 1,2, in the following way. On íži, 
— p[x,y] ~ x E M.,x'^[x,y] = y G H}. On 0,2, if x ^ —tt^tt, x^[x,y] ~ 
-TT + a; G M, [-X, y] = TT - a; G M, [±x, y] = y & H; x^ [-tt, -y] = x^ [tt, y] = 
O, x^[-T:,-y] = x2[7r,y] |y| G 0"^^+) C H, with c = \T . The change of 
coordinates is given by: 

{X^\u_ = TT — X^ 
x^\u+ = -7r + 
í2 = a;2 G H 

The structure group, i.e. the group of the jacobian matrix, is isomorphic to Z2. In 
fact one has: 

Therefore, M is a quantum quatcrnionic manifold modelled on M x H C H^, hence 
dimii M = 2. Furthermore one has the canonical projection M , therefore M 



'^^Sp{l) = SU{2) C U{2). So all the transformations containcd in c(5p(l)) are unimodular. 

a particular case we can take B = K. In this case C = H and we call such quantum 
-quaternionic manifolds simply quantum quaternionic manifi 
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is a regular quantum manifold oj dimension (1 2). Finally remark that as M is 
not covered by a globál chart, it is a non trivial example of quantum quaternionic 
manifold. Of course this can be also seen by means of homological arguments. In 
fact one has Hi{M;R) ^ iři(A/c;K) = Hi{S^;R) = R. Therefore, M is not 
homotopy equivalent to M.^ , as Hi(M.^;M.) = 0. 

Example 3.14 (Quaternionic manifolds [96, 97]). The category Cm of quaternionic 
manifolds is a subcategory ofC^=^, where the morphisms are quaternionic afjine 
maps. Therefore any of such morphisms f G Homc^^{M,N), where diniAf — 4m, 
dimA'^ = An, are locally represented by formulas like the following: f^ = A^q^ +r''', 
A^j,q^ ,r^ G H, 1 < fc < n, 1 < j < m. A^ identify mxn matrices with entries in 
H, or equivalently, real matrices of the form 



(4) 



Á\ . 




Á ■ 





/a b c d \ 

—6 a d — c 

— c — cř a b 

y — íí c b a j 



a^b,c,d £ . 



The set of such matrices is denoted by M{n,m;M). The structure group of a An- 
dimensional quaternionic manifold is GL{n] H), (that is the subset of M{n, m; H) of 
invertible matrices). Therefore, quaternionic manifolds are quantum quaternionic 
manifolds where the local maps f : U d H" — S> [/ C H", change of coordinates, are 
M-linear. Hence Df{p) G H" , \/p E U . In fact, one has the following commutative 
diagram: 



ířoTOH(H"; M")C ^ iíomK(H"; H") ~ Homu{M; H)"" 



ířomH(H;H)" 



On the other hand the tangent space TpM has a natural structure of M.-module iff 
M is an affine manifold. (As in this case the action o/H on TpM = H" does not 
depend on the coordinates used to obtain the identification ofTpM with M".J Hence 
the category Cm is the subcategory of Cg of affine quantum quaternionic manifolds. 
A trivial example of quaternionic manifold is R^" = H". // {a;', y', w*, w'}i<i<„ are 
real coordinates on R^", then the almost quaternionic structure given by 



í J{dxi) = %, J{dyi) = -dxi, J{dui) = -dvi, J{dvi) = dui 1 
\ K{dxi) ^ dui, K{dyi) = dv^, K{dui) = -^x^, J{dvi) = -^y^ J 



22 



AGOSTINO PRÁSTARO 



is called the standard right quaternionic structure on M'*".^^ A non trivial example 
of quaternionic manifold is R^" with the standard quaternionic structure quotiented 
by a discrete translation group that gives a torus. 

Example 3.15 (Almost quaternionic manifolds). The category Cg of almost quater- 
nionic manifolds is a subcategory of C^^'^, where the structure group of a An- 
dimensional quantum quaternionic manifold is GL{n;M)Sp{l) C GL{An;M.). The 
category Cm properly contains Cw- An example o f almost quaternionic manifold, that 
is not contained into Cn, is the quaternionic projective space HP^. This cannot he 
a quaternionic manifold, since it does not admit a structure of complex manifold. 

Remark 3.16. As the centre Z{C) of C = B ®^ H is isomorphic to Z{B), that 
is the centre of B, we get that, whether Z{B) is Noetherian, one can apply above 
Theorem 1.1 and Theorem 1.2 for QPDEs, in order to statě the formal quantum- 
integrability for quantum B -quaternionic PDEs. Note that in such a way we obtain 
as Solutions submanifolds that have natural structures of quantum B- quaternionic 
manifolds. Then applying our theorems on the integrál bordism groups for quantum 
PDEs, we can also calculate theorem of existence of globál solutions for quantum 
B- quaternionic PDEs. 

Example 3.17 (Quantum B-quaternionic heat equation). Let us consider the fiber 
bundle tt : W = ^ C'^ = M with coordinates {t,x,u) i— > {t,x). The quantum 
B- quaternionic heat equation is the following QPDE: [HE)fj C JD'^{W) C J|(M^); 

Uxx — ut ~ 0. This is a formally (quantum)integrable QPDE. Hence, for {HE)^-, 
we have the existence of local solutions for any initial condition. This means that 
in the neighborhood of any point q e {HE)(j we can built an integrál quantum 
B- quaternionic manifold of dimension 2 over C, V C. (HE)^,, such that V = 
T^2(V) C M, where 7r2 is the canonical projection 7r2 : JD^{W) — !• M . Then by 
using a Theorem 5.6 given in [66] we have that the first integrál bordism groups 

— — ( M 

of {HE)(j is: ížj = Hi{W;K) (E)k C = 0. Hence we get that any admissible 

dosed integrál 1-dimensional quantum B- quaternionic manifold, N C {HE)^ is 
the boundary of an integrál 2-dimensional quantum B- quaternionic manifold V, 
dV C N, V C {HE)(j, such that V is diffeomorphic to its projection into W by 
means of the canonical projection tt2.o '■ J^i^) ~^ ^ ■ 

Example 3.18 (Quantum quaternionic heat equation). As a particular case of 
above equation one can take i? = R. Then one has: 



"^^An almost complex structure on a C°° manifold M is a fiberwise endomorphism J of the 
tangent bundle TM such that = — 1. A complex analytic map between almost complex 
manifolds {X, Ji) and (Y, J2) is a C°° map 4, : X ^ Y , such that T{(l>) o Ji = J2 o T(</>). An 
almost quaternionic structure on a C°° manifold M is a pair of two almost complex structures J 
and K such that JK-\-KJ = 0. A quaternionic map <f> between two almost quaternionic manifolds 
{X, Ji, Ki) and (Y, J2, K2) is a map (p : X Y that is complex analytic from {X, Ji) to (Y, J2) 
and from {X,Ki) to {Y,K2). A quaternionic manifold is a C'°° manifold M endowed with an 
atlas {</<í : Í7i — > R^"}, for some n, such that </<j o </) ~ : (^^(C/i n C/j) —> ({/i n f/j) is a quaternionic 
function with respect to the standard structure on R"*". (See also [96, 97].) 



(14) 
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We can see that the set Sol{{HE)-^) of solutions of (HE)-^ contains also quater- 
nionic manifolds, i.e., ajfine quantum quaternionic solutions. For example a torus 
X C = M can be emhedded into {HE)^ by means of the second holonomic pro- 
longation of the zero section u = O : M — >■ W . In fact, (HE)-^ is a linear equation. 
Therefore, X'^-* = D^u{X) is a 1-dimensional smooth closed compact admissible 
integrál manifold contained into [HE)^, that is the boundary of a 2-dimensional 
integrál admissible manifold contained into (HE)-^ too. This last is also a quater- 
nionic manifold. Moreover, all the regular solutions of {HE)-^ C JD^(W) are 
quaternionic manifolds, as they are diffeomorphic to H^. However, no all the reg- 
ular solutions of (HE)^ C J2ÍW) are necessarily quaternionic manifolds too. 

Wc are rcady now to statc the following thcorcm. 

Theorem 3.19. Let B be a quantum algebra such that its centre Z{B) is a Noe- 
therian M.-algebra. Let Ek C JD''{W) be a quantum regular QPDE in the category 
C^, where tt : W ^ M is a fibre bundle with dimcM = m, C = B (E)r H. // 
gk+r+i is o, bundle of Z{C)-modules over Ek, and Ek+r+i E^+r is surjective for 
O < r < m, then Ek is formally quantumintegrable. In such a case, and further as- 
suming that W is p-connected, p G {O, . . . ,m— 1}, then the integrál bordism groups 
of Ek C Jmi^) '^''fi given by: 

n^" ^ Hp{W; R) ®R C, O < p < m - 1. 

All the regular solutions of Ek C J^{W) are quantum B- quaternionic submani- 
folds of Ek of dimension m, over C , identified with m-dimensional quantum B- 
quaternionic submanifolds ofW. 

Proof. It foUows directly from abovc dcfinitions and rcmarks by specializing The- 
orem 1.1, Theorem 1.2 and our resuhs in [66], about integrál bordism groups in 
QPDEs, to the category C^. □ 

Corollary 3.20. Let Ek C JD''{W) be a quantum regular QPDE in the category 
C^", (resp. Cm), where tt : W ^ M is a fibre bundle with dim^M = m. If gk+r+i 
is a bundle ofM.-modules over Ek, and Ek+r+i Ek+r is surjective for O < r < m, 
then Ek is formally quantumintegrable. In such a case, further assuming that W is 
p-connected, p £ {O, . . . , m — 1}, then the integrál bordism groups of Ek C Jm{W) 
are given by: 

n^" = Hp{W;R) ^rM, 0<p<m~í. 

All the regular solutions of Ek C Jm{W) are quantum quaternionic, (resp. almost 
quaternionic), submanifolds of Ek of dimension m, identified with m-dimensional 
quantum quaternionic, (resp. almost quaternionic), submanifolds of W . 

Before to pass to the fohowing example on the heat PDE over octonions, let us first 
recall some useful definitions and results about alternativě algebras.'^" 



'^''Recall [96, 97] that if {X, J, K) is a quaternionic manifold, then X with the complex structure 
aj + bK + c{JK), a, 6, c 6 R, is an affine complex manifold, hence has zero rational Pontryagin 
classes. Furthermore, if X is compact has zero index and Eulcr charactcristic. Moreover, if 
dimii X = 1 and, for some a, b, c, X is Káhler, then it is a torus. 

'''^The algebra O of octonions is just a distinguished example of alternativo algebra. 
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Definition 3.21. The associator of an algebra A is a trilinear map [, ,] : Ax Ax 

A — )■ A. such that [a, b, c] = {ab)c — a{bc). When [a, b,c] =0 we say that the three 
elements associate. 

A n-multilinear mapping f : A x ■ ■ ■ x A ^ A is alternating if it vanishes whenever 

n 

two of its arguments are equal. 

An alternativě algebra is one where the associator is alternativě. 

Proposition 3.22 (Propertics of alternativě algebras). 1) Given an algebra A the 
following propositions are equivalent. 

(i) A is an alternativě algebra. 

(ii) The following propositions hold: 

(a) (left alternativě identity): [a, a,b] — O, ,b € A. 

(b) (Right alternativě identity): [a, b, fe] = 0. ,b G A. 

(c) (Flexibility identity): a{ba) = a{ba), ,b G A. 

2) An alternating associator is always totally skew-symmetric, i.e., [a(T(i)j a[T(2)j flcr(3)] = 
e(CT)[ai, 02, as], where e(cr) is the signatuře of the permutation cr G 6*3 and S3 is the 
group of permutations of three objects.^^ 

3) (Artin's tlieorem) In an alternativě algebra A the subalgebras generated by any 
two elements is associative, and vice versa. 

4) Let A be an alternativě algebra, then the sublagebra generated by three elements 
a,b,c €z A, such that [a, b, c] — O, is associative. 

5) Alternativě algebras are power-associativc, that is, the sublagebra, generated by 
a simple element is associative.^^ 

6) (Moufoang identities) In any alternativě algebra hold the following identities: 

(a) a{x{ay)) = {axa)y. 

(b) {{xa)y)a = x{aya). 

(c) {ax){ya) = a{xy)a. 

7) If A is a unital alternativě algebra, multiplicative inverse are unique whenever 
they exist. Furthermore one has the identities reported in (15). 

r b = a-\ab) ^ 
(15) < [a~^ , a,b] ~ O > ií a and b are invertible. 

[ (a6)-i fe-ifl-i J 

Example 3.23 (Quantum octonionic heat equation). The octonions form a normed 
division W-algebra that is non-associative, non-commutative, power- associative and 
alternativě. In Tab. 4 ^ reported the multiplication table with respect to a basis 
{^a}o<a<7 ) with cq = 1 G K, (unit octonions^, i.e., any q E O has the following 
linear representation q = X]o<q<7 "^^^ ^ R-'^^ 

An example of quantum octonionic manifold is the quantum octonionic Mobius 
strip, that can be obtained similarly to the quantum quaternionic manifold, just 
considered in Example 3.13. In fact it is enough to copy the construction given in 



■^^The converse holds too when the characteristic of the base field K of A is not 2, (e.g. K = R). 

■^^The converse need not hold: the sedenions are power-associative, but not alternativě. 

■^•^There are 480 isomorphic octonionic algebras generated by different multiplication tables. 
The group G2 = AutiO) is a simply connected, compact real Lie group, dimR G2 = 4. One has 
O = H X H, with multiplication (a, fe)(c, ď) = (ac — db, da + bč). The corresponding representation 
of the basis is the following: eq = (1, 0), ei = (i, 0), £2 = (j, 0), 63 = (fe, 0), 64 = (0, 1), 65 = (O, i), 
e6 = (0,j), e7 = (0, k). 
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Table 4. Multiplication table, trace and norm formulas for octo- 
nionic algebra O = with basis (eQ)o<Q<7. 





ei 


62 


63 


64 


65 


66 


67 


ei 


-1 


63 


-62 


65 


-64 


-67 


66 


62 


-63 


-1 


61 


66 


67 


-64 


-65 


63 


62 


-61 


-1 


67 


-66 


65 


-64 


64 


-65 


-66 


-67 


-1 


61 


62 


63 


65 


64 


-67 


66 


-61 


-1 


-63 


62 


66 


67 


64 


-65 


-62 


63 


-1 


-61 


67 


-66 


65 


64 


-63 


-62 


61 


-1 



6iej = -Sijco + eijkek, í <i,j,k < 7. 
^i^j — ^j^i- {(^i^j^^k — 6^(6^6/2). 
a: = X]o<a<7 ^"6c, = + X]l<fc<7 ^''^k- 
X = X — 5I]l<fe<7^ ^fc- 

SR(x) = |(x + S); = - x). 

Norm: 7V(x) = ||x|| = y/ia;. 

Square root: \\x\\^ = xx = J2o<a<7Í^°')'^ > O- 

Inverse: x~^ = x/\\x\\'^; x~^x = x~^ = 1. 



Example 3.13, after suhstituetedW, with O, to get a quantum octonionic manifold. 
Similarly we can obtain the quantum octonionic heat equation as given in (16). 

, , 1^:1-1^ = 0^^0^ = ^"; (í, X, ít) (ť, x) 

*- \ {HE)„ C JD^W) C j|(Ty) : - «í = O 

We can sec that the set SoI{{HE)q) of solutions of^HE)^ contains also octonionic 
manifolds, i.e., affine quantum octonionic solutions. X C = M can be embedded 
into {HE)q by means of the second holonomic prolongation of the zero section 

w = O : A/ — í> W . In fact, {HE)^ is a linear equation. Therefore, X^^-* = D'^u{X) 
is a 1-dimensional smooth dosed compact admissible integrál manifold contained 
into {HE)^, that is the boundary of a 2-dimensional integrál admissible manifold 
contained into {HE)q too. This last is also a octonionic manifold. Moreover, all 
the regular solutions of {HE)q C JD^{W) are octonionic manifolds, as they are 

diffeomorphic to O^. However, no all the regular solutions of {HE)q C J^i^) 
necessarily octonionic manifolds too. 

We are ready now to statě one of main results of this páper. 

Theorem 3.24. Let B be a quantum algebra such that its centre Z{B) is a Noe- 
therian R-algebra. Let Ek C JD^^ÍW) be a quantum regular QPDE in the category 
Cq , where tt : W M is a fibre bundle with dimcM ^ m, C = B (g)R O. // 
gk+r+i is o, bundle of Z{C)-modules over E^, and Ek+r+i Ek+r is surjective for 
O < r < m, then E^ is formally quantumintegrable. In such a case, and further as- 
suming that W is p-connected, p G {O, . . . , m — 1}, then the integrál bordism groups 
of Ek C J^{W) are given in (17). 



o; 



(HE),, 
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Table 5. Multiplication table, tracc and norm formulas for sede- 
nionic algebra § ^ with basis (ec()o<Q<i5. 



ei2 

ei4 
ei5 



: A4 in the Cayley-Dickson construction. 



(17) n^" Hp{W;M.)®MC, 0<p<m-l. 

AU the regular solutions of C J!^{W) are quantum B-octonionic suhmanifolds of 
Ek of dimension m, over C , identified with m-dimensional quantum B-octonionic 
suhmanifolds ofW. 

Example 3.25 (Quantum sedcnionic heat equation). Scdenionic algebra, §, is 
a 16 -dim,ensional non-commutative and non-associative M.-algebra, that is power- 
associative (hut not even alternativě), where any q G S has the following linear 
representation q = X]o<a<i5 -^^ ^" ^ where the basis {eQ}o<Q<i5, funit 
sedenionsj, has eo = 1 G M, with multiplication table reported in Tab. 5. § is not a 
division algebra since there are zero divisors, i.e., there are non-zero a, ř» 6 § such 
that their product is zero: ab = 0.^^ 

Similarly to the two above examples, we can define and characterize quantum sede- 
nionic manifolds, and quantum sedenionic PDE's. In particular we get a natural 
extension, in the category of quantum sedenionic manifolds, of Theorem 3.24- In 
fact, we get the following theorem. 

Theorem 3.26. Let B be a quantum algebra such that its centre Z{B) is a Noe- 
therian M.-algebra. Let Ek C JD'^{W) be a quantum regular QPDE in the category 
, where tt : W M is a fibre bundle with dimcM ^ m, C = B (8)^ S. // 
(jk+r+i is a bundle of Z{C)-modules over Ek, and Ek+r+i ^ Ek+r is surjective for 
O < r < m, then Ek is formally quantumintegrable. In such a case, and further as- 
suming that W is p-connected, p G {O, . . . , m — 1}, then the integrál bordism groups 
of Ek C Jm{W) are given in (18). 

'''^For example (ea + eio)(e6 — eis) = 0. Noto that all algcbras Ar in the Cayley-Dickson 
construction contain zero divisors, when r > 4. Recall that all the Cayley-Dickson algebras 
Ar, with o < r < 2, are associative, division algebras, hence have no zero divisors. [A finite- 
dimensional unital associative algebra (over a field) is a division algebra iff has no zero divisors.] 
Let US emphasizc that a quantum algebra A is not, in generál, a division algebra. Therefore, in 
generál, a quantum hypercomplcx algebra Qr, r > O, is not a division algebra. 
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(18) n^" ^ Hp{W;R)(g)RC, Q<p<m~l. 

All the regular solutions of Ek C J^j^{W) are quantum B-sedenionic suhmanifolds of 
Ek of dimension m, over C , identified with m-dimensional quantum B-sedenionic 
suhmanifolds ofW. 



4. Quantum hypercomplex singulár (super) PDE's 

In this section we shall consider singulár quantum super PDE's extending our pre- 
vious theory of singulár PDE's,'^^ i.e., by considering singulár quantum (super) 
PDE's as singulár quantum sub-(super)manifolds of jet-derivative spaces in the 
category or 05 or Qhyper- In fact, our previous formal theory of quantum 
(super) PDE's works well on quantum smooth or quantum analytic suhmanifolds, 
since these regularity conditions are necessary to develop such a theory. However, 
in many mathematical problems and physical applications, it is necessary to work 
with less regular structures, so it is uscful to formulate a generál geometrie theory 
for such more generál quantum PDE's in the category 05 or 0/jyper- Therefore, 
we shall assume that quantum singulár super PDE's are subsets of jet-derivative 
spaces where are presents regular subsets, but also other ones where the conditions 
of regularity are not satisfied. So the crucial point to investigate is to obtain crite- 
ria that allow us to find existence theorems for solutions crossing " singulár points" 
and study their stability properties. In some previous works we have considered 
quantum singulár PDE's in the categories and 05. Here we shall specialize on 
quantum singulár PDE's in the category Qs~hyper of quantum hypercomplex su- 
permanifolds. There the fundamental non-commutative algebras considered are of 
the type Qr = B^^^Ar-, where i? is a quantum superalgebra in the sense of A. 
Prástaro, and is a Cayley-Dickson algebra, as just considered in the prevoius 
sections. 

The main result of this section is Theorem 4.8 that relates singulár integrál bordism 
groups of singulár qunatum PDE's to globál solutions passing through singulár 
points. Some example are explicitly considered. 

Let us, now, hrst begin with a generalization of algebraic formulation of quantum 
super PDE's, starting with the following definitions. (See also Refs.[78, 85, 86, 87].) 

Definition 4.1. The generál category of quantum hypercomplex supcrdifFercntial 
equations, Qf-hyper' ^■^ defined by the following: 1) ÍB e Ob{Q'§_f^yp^^) iff <8 is 
a filtered quantum hypercomplex superalgebra *8 = {QS,},®,; C ^i+i, such that in 
the differential calculus in the category Qs-hyperi^) over 05 is defined a natural 
operation C that satisfies CÚ.^ A íž' = Cíl' , where f2' = 05 A A *B are 

the representative objects of the functor Di in the category 0^'^(*B) over *8, where 
Di = D ■ ■ -i ■ ■ ■ D , being D{P) the ^-module of all quantum superdifferentiations 
of algebra *8 with values in module P. Furthermore, fž* = ®i>o = 2) 

/ G ^om(0|_^ypgj,) iff f is a homomorphism of filtered quantum hypercomplex 
superalgebras preserving operation C . 



''^See Refs.[68, 82, 83]. See also [3] where some interesting applications are considered. 
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Table 6. Somc quantum hypcrcomplex singulár PDE's defined 
by differential polynomials. 



Name 


Singulár PDE 


PDE with node and triple point 
Řl C JD(E) 


Pl = {ul f + (uj)4 _ („1)2 ^ 


PDE witli cusp and tacnode 
such that 5i C JD{E). 


91 = + («2)4 _ („1)3 + („2)2 ^ 

such that 92 = {ulf + (ti,!)" - (ul)^{ul) - (M^)(„l)2 = 0. 


PDE witli conical double point, 
double line and pincli point 
Ťi C JD{F) 


T2 = - {Ulf - {UIY = 

rs = + (u3)3 + (ul){ul) = 



a =<pi,P2 >C *Bi,ti =< 91, 92 >C *Bi,c =< ri,r2,r3 >C ^i. 
Here A is a quantum hypercomplex algebra. 



Remark 4.2. In practice we shall take *B = {*Bi = Q^{Mí;A)}, where Mi is a 
quantum hypercomplex supermanifold and A is a quantum hypercomplex superalge- 
hra. Then, we have a canonical inclusion: ji : Mi — ^ Sp{^i),x ji{x) = ex = 
evaluation map at x G Mi. To the inclusion *Bi C *Bi+i corresponds the quantum 
smooth map Aii+i — > Mi. So we set M^o ~ lim Mi. One has Moc ~ Sp{^Qo). 

However, as M^o contains all the "nice" points of Sp{^oo), we shall use the space 
Moo to denote an object of the category of quantum hypercomplex superdifferential 
equations. 

Definition 4.3. The eategory of quantum hypercomplex superdifferential equa- 
tions Q.s-hyper defined by the Frobenius full quantum superdistribution C{X) C 
TX = Homz{A;TX) , which is locally the same as Eqo, i.e., the Cartan quantum 
superdistribution of Erx, for some quantum hypercomplex super PDE Ek C JD''{W). 
We set: sdimX = dimC(X) = (m + n\m + n), i.e., the Cartan quantum su- 
perdimension of X & 06(Q|_^^pg^). / £ Hom{Qg_f^yp^^) iff it is a quantum 
supersmooth map f : X ^ Y, where X,Y e O5(0|„^j^pgJ, such that conserves 

the corresponding Frobenius full superdistributions: T{f) : C{X) C{Y), f G 
Hom^e (X,Y), sdimX ~ (m+nlm+n), sdimY = {m'+n'\m'+n'), srankf = 

—3 -hyper 

{r\s) = dim{Ť{f)x{d{X)x)), xeX. Then the fibers f-\y), y G zm(/) C Y, are 
(m + n — r\m + n — s)-quantum superdimensional objects of Q^_^yp^^. Isomor- 
phisms of Q_g_f^yp^^: quantum supermorphisms with fibres consisting of separate 
points. Covering maps of Q^ ^^y^^^: quantum supermorphims with zero-quantum 
superdimensional fibres. 

Example 4.4 (Some quantum hypercomplex singulár PDE's). In Tab. 6 we report 
some quantum singulár PDE's having some algebraic singularities. For the first two 
equations these are quantum singulár PDE's of first order defined on the quantum 
fiber bundle n : E ^ M, with E = A"^, AI = , where A is a quantum algebra. 
Then JD{E) = Bj'"* = x A^. Furthermore, for the third equation one has the 
quantum fiber bundle ň : F ^ M , with F = A^ , M = A^ , and JD{F) ^ = 
A^ X A^ . We follow our usual notation introduced in some previous works on the 
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same subject. In particular for a given quantum (super) algebra A, we put 
' ŤS{H)=H(E)z---^zH, r>0 



(19) 



A = Homz(Ť^{A); A), r > O 
o 

Á = Homz{Ť^{A); A) = Homz{A] A) = Á 



with Z the centre of A and H any Z -module. Furthermore, we denote also by Sq{H) 
and Aq(H) the corresponding symmetric and skewsymmetric submodules ofTQ^H). 
To the ideals a =< pi,P2 >C Si, b =< qi,q2 >C Q5i and c =< ri, r2, rs >C íPi, 

2 

where <Bi ee Q^{JD{E), B2), with B2 = A x Á -k Á, and = Q^{JD{F), Bi), 
one associates the corresponding algebraic sets Ři = {q £ B^''^\f{q) = 0,V/ £ a} C 
Š, = {qe B^^iq) = 0,V/ G b} C and Ť, ^ {q e - 0,V/ G 

c} C 

Let US consider in some details, for example, the first equation in Tab.5. There 
the node and the triple point refer to the singulár points in the planeš {ul.,Uy) and 
(w^jMy) respectively, with respect to the W-restriction. However, the equation Ri 
has a set C i?i of singulár points that is larger than one reported in (20). 

(20) I](i?i)o = {qo = (.T,y,íi\u2,0,0,0,0)} ^ A^ C I](i?i) C 

In fact the jacobian {j{F)ij), i = 1, 2, j = 1, • • ■ , 8, with (Fi) = {pi,p2) : JD{E) — > 
B2, is given by the following matrix with entries in the quantum algebra B2: 
(21) 

2ul[2{ul)^ - 1] O O 4(u2)3 

O 6(4)5 - ul 6{ulf - ul O 



Since, in generál, the quantum hypercomplex algebra A can have non-empty the set 
Zero{A) of zero-divisors,^^ in order Yi = i?i \ S(i?i) should represent Ri without 
singulár points, i.e., in order to apply the implicit quantum function theorem (sec 
Theorem 1.38 in [68] j, it is enough to take the points q € Ri, where there are 
2x2 minors in (21) with invertible determinant. In other words, we shall add the 
condition that at least one of determinants det^, 1 < i < 4, reported in (22) should 

s 

be invertible elements of the quantum algebra A = Homzí^AjiTQiA); A), for suitable 
s G 



Let US emphasize that Zero{A} = [J^pi, where Pi is an associated prime ideál of A, i.e., a 
prime ideál that is the annihilator of some element of A. (Let us recall that an ideál p of A is called 
prime ilp <^ A and whenever two ideals a, b d A, are such that ab C p, thcn at least one of a and 
b is contained in A.) The R-algebra A is called tame if Zero{A) = ®i<i<r<oo ^i' where Si is a 
subspace of A. Note that even if Zero{A) = 0, ZeroiA"^) ^ 0, since (O, a)(b, 0) = (O, 0) = O £ A^. 
■^^See the implicit quantum function theorem. (Theorem 1.38 in [68].) 
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(22) 

deti ^ dct - 1] ^^^^^0 _ ^ = 2ul[2{ulf - 1][6(4)5 - ul] e 1 

2ul[2{ulf - 1] ^^^^^0 ^ ^ ^ 2ul[2{ulY - l][6(í.š)5 _ „i] e 1 



det2 = det 



det3 ^ det g^^i^? _ ^2 ^^0^^' ) = -[6K)^ - ul]A{ulf e 1 
det4 ^ det _ ^1 ^^0^^' ) = -[QK)' - e 1. 

Therefore, we must identify the sets iXi = {q G JD{E) \ det.i(g) € A {G{Á))}, 
1 < z < 4, with s(l) = s(2) = 3 and s(3) = s(4) = 2. Here G{A) denotes 

s(i) ^ s(t) 

the abelian group of unities in A and A {G{A)) = Homz[A}iŤQ''^\A);G{A)) C A . 

Then taking into account that A {G{A)) is an open set in the quantum hypercomplex 

algebra Á we get that Xi = Ui<í<4 det^^í Á {G{A))) = Ui<i<4 i^i C JD{E) 
is an open submanifold of JD (E) . We call li = i?i p| Xi the regularized quantum 
PDE corresponding to Ri. Since Xi is an open submanifold of JD[E), it follows 
that Yi is a quantum submanifold of JD (E) of dimension as reported in formulas 
(25). Let US define the following subsets of Ri: 

Ýi = Ři\^{Ři) C Ři 

(23) { 2Řl^lq^Řl\ul{q)^0,ul{q)=0\cŘi 
3Ííi = [qe Ři\ui{q) = 0,ul{q) = o| C Ři. 

One has 2^103-^1 ^, YiCl^Ri <^ , fl 3^i ^- Furthermore the set of 
singulár points Y,{2Ri) (resp. Y,{y,Ri) ) of 2R1 (resp. 3R1) is contained inY.(Ri) and 
contams S(2Í?i)o = 2^1(1^(4)0 = (resp. S(3Í?i)o = 3^1(1^(^1)0 = A'^). 
We can write: 

(24) i?i = Ýi|JS(4) =2Íži X 3ÍÍ1 = [f2|jE(2Í?i)] X [y3|jE(3Ííi)] C JDiE), 

where Y2 = 2R1 \ S(2-řži) (resp. Y3 = 3R1 \ E(3Í?ij. Then we can see that 
Yi is a formally quantum integrable and completely quantum integrable quantum 
PDE of first order. (For the theory of formal integrability of quantum PDE's, see 
Refs.[72, 76, 85, 86, 87].) In fact Ýi and its prolongations (Ýi)+,. C JD''+^{E), 
are subbundles of J D^'^^{E) JD^(E), r > 0. One can also see that the canon- 
ical maps T^r+i.r ■ iYi)+r ^ (yi)+(r-i), are surjective mappings. For example, for 



^°This a direct consequcnce of Lemma 3.32 in [84]. It is uscful to empliasizc tliat tiic abelian 
group G(A) of a quantum (hypercomplex) algebra A, has no zero divisors, Zero{A) = 0, hence 
it is a division algebra. (Lcft or right divisors can nevor be units.) Furthermore, any b S G{A), 
with b 1, cannot bc idcmpotent, since an idempotent element must be a zero divisor: b^ = b 
b{b-l) = 0. 



QUANTUM EXOTIC PDE'S 



31 



r = 1, one has the following isomorphisms: 
(25) 

f dimB.JDiE) = (4,4) 

Ýi = X l2 ^ dimsi Ýi = (4, 2) 

2 

JD^{E) = ^4 X 1" X (1)8 ^ diuiB, JD^{E) = (4,4,8) 

2 

(yi)+i = ^4 X 12 X (1)4 ^ dimB,(yi)+i = (4,2,4) 

2 

Homz{Šl{TpM)]vTqE) = (1)^ ^ dims^ Homz{Š^iTpM);vTqE) = (0,0, 

2 

((.9i)+i),eň " (^)* ^ dimB,((.gi)+i)^^^. = (0,0,4) 

dimB2(ýi)+i = dims^Yi + dims^ ((5i)+i)_jg^^ 

Therefore, (Yi)_|-i — > (Yi), is surjective, and by iterating this process, we get that 
also the mappings (ll)+r (yi)+(r-i), r >0, are surjective. We put (Yi)_|_(_i-) = 
E. Thus Y\ is a quantum regular quantum PDE, and under the hypothesis that A 
has a Noetherian centre, it follows that Y is quantum S —regular too. Then, from 
Theorera 3.10 and Theorem 3.11, it follows that Yi is Jormally quantum integrable. 
Since it is quantum analytic, it is completely quantum integrable too. 

Definition 4.5. We define quantum extended crystal hypercomplex singulár su- 
per PDE, a singulár quantum hypercomplex super PDE Ěk C J^^JW) that splits 

in irreducible components Ai, i.e., E^ ~ Uí^í; where each Ai is a quantum ex- 
tended crystal hypercomplex super PDE. Similarly we define quantum extended 
0-crystal hypercomplex singulár PDE, (resp. quantum 0-crystal hypercomplex sin- 
gulár PDEj, a quantum extended crystal hypercomplex singulár PDE where each 
component Ai is a quantum extended 0-crystal hypercomplex PDE, (resp. quantum 
0-crystal hypercomplex PDE). 

Definition 4.6. (Algebraic singulár solutions of quantun singulár hypercomplex 
super PDE's). Let Ek C J^\nO^) ^ quantum singulár super PDE, that splits 
in irreducible components Ai, i.e., Ek = Uí^í- Then, we say that Ek admits an 
algebraic singulár solution V d Ek, ifVf]Ar = Vr is a solution (in the usual sense ) 
in Ar for at least two different components, say Ai, Aj, i ^ j, and such that one of 
following conditions are satisfied: (a) (ij)Ek = li P| Ij ^ 0; (b) ^'^•'^Ek = li IJ Ij 
is a connected set, and (ij)Ek ~ 0. Then we say that the algebraic singulár solution 
V is in the case (a), weak, singulár or smooth, if it is so with respect to the equation 
(ij)Tjk- In the case (b), we can distinguish the following situations: (weak solution): 
There is a discontinuity in V, passing from Ví to Vj ; (singulár solution): there is not 
discontinuity in V , but the corresponding tangent spaces TVi and TVj do not belong 
to a same n-dimensional Cartan sub-distribution of J^^^(W), or alternatively TVi 
and TVj belong to a same (m\n)-dimensional Cartan sub-distribution of J!^i^^{W), 

but the kernel of the canonical projection (tt^ q)* '■ ^'Ari|Ti(^) ~^ TW , restricted 
to V is larger than zero; (smooth solution): there is not discontinuity in V and 
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the tangent spaces TVi and TVj belong to a same {m\n)-dimensional Cartan sub- 
distribution of <Ž^|„(W^) that projects diffeomorphically on W via the canonical 
projection (tt^ o)* ■ ~^ TW . Then we say that a solution passing through 

a critical zone bifurcate.'^^ 

Definition 4.7. (Integrál bordism for quantum singulár hypercomplex super PDE's) . 
Let Ek C >Vi|ra(^) ^ quantum super PDE on the fiber bundle tt : W ^ M, 
dmiBW = (rn\n,r\s), dimy^ M = m\n, B ~ A x E, E a quantum hypercom- 
plex superalgebra that is also a Z -module, with Z = Z{A) the centre of A. Let 
Ni,N2 C Ek C j^inO^) ^6 ^'^'^ (™ ^ I" ^ l)-dimensional, (with respect to A), 
admissible dosed integrál quantum hypercomplex supermanifolds. We say that Ni 
algebraic integrál bords with N2, if Ni and N2 belong to two different irreducible 
components, say Ni C Ai, N2 C Aj, i ^ j, such that there exists an algebraic 
singulár solution V C Ek with dV = N10N2. 

In the inteqral bordism qroup íž^*" , íresv. fl^'' , , resp. fl^'' , ) of a 

^ ^ ^ m — l|n — 1 > ^ m—l\n — l,s' ^ m— l|n — 

quantum singulár hypercomplex super PDE E^ C Jm\n^^^' ^''^^^ algebraic class 

a class [N] g íífli|„_i,, (resp. [N] e nf^_,^„_,^,, resp. [N] £ r!fli|„_iJ, wtth 
N C Aj , such that there exists a closed (m — l|n — l)-dimensional, (with respect 
to A), admissible integrál quantum hypercomplex supermanifolds X <Z Ai G E^, 
algebraic integrál bording with N , i.e., there exists a smooth (resp. singulár, resp. 
weak) algebraic singulár solution V <Z E^, with dV ~ N0X. 

Theorem 4.8 (Singulár integrál bordism group of quantum hypercomplex singulár 
super PDE). Let Ek =[J^AiC </^|n(^) " quantum singulár super PDE. Then 
under suitable conditions, algebraic singulár solutions integrability conditions, we 
can find (smooth) algebraic singulár solutions bording assigned admissible closed 
smooth (m — l|n— \)-dimensional, (with respect to A), integrál quantum hypercom- 
plex supermanifolds Nq and Ni contained in some component Ai and Aj, i ^ j . 

Proof. In fact, we have the following lemmas. 

Lemma 4.9. Let Ek = Ui "^m|n(^) quantum singulár super PDE with 

(^y)Ěk = Á,f]Áj ^ 0. Let US assume that Á, C J^|„(l^), Á.j C J^|„(W^) and 
(ij)Ek C J^^^niW) be formally integrable and completely integrable quantum hyper- 
complex super PDE's with nontrivial symbols. Then, one has the following isomor- 
phisms: 

^m— Ijn— ^rn — l\n—l^w ^m—l\n — l,w 

(26) ( ^n^^ ,1 ^ ^n^^ ^ 

^ 1 m— l|n— l,s m — l|n— l,s 

m — l|n— l,s 

So we can find a weak or singulár algebraic singulár solution V (Z Ek such that 
dV ^ No0N,, No C Á, Ni C Á,, iffNi G [No]. 



'^'^Note that the bifurcation does not necessarily imply that the tangent planeš in the points 
of Vij C V to the components Ví and V, , should be different. 
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Proof. In fact, under the previous hypotheses one has tliat we can apply Theorem 
2.1 in [75] to each componcnt A^, Aj and (ij)Ek to statc that all their weak and 
singulár integrál bordism groups of dimcnsion {m — l\n — 1) are isomorphic to 

Lemma 4.10. Let Ek = IJj Ai be a quantum 0-crystal hypercomplex singulár PDE. 
Let ^^^'>Ek = A^IJ Áj be connected, and (ij)Ěk = Áif]Aj ^ 0. Then íž 



(ij) i 



1— 1 |n— 1,. 

0.40 



Proof. In fact, let Y C {ij)Ei; be an admissible closed (to — 1|?7 — l)-dimcnsional 
closed integrál quantum hypercomplex supermanifold, then there exists a smooth 
solution Vi C Ai such that dVi = Nq0Y and a solution Vj C Aj such that dVj = 
Y0N1. Then, V = Ví [jy is an algebraic singulár solution of Ek- This solution 
is singulár in generál. □ 

After above lemmas the proof of the theorem can be considcrcd done besidcs the 
algebraic singulár solutions integrability conditions. □ 

Example 4.11 (Quantum sedenionic ďAlembert equation). Above examples about 
heat equations in the categories oj quantum hypercomplex manifolds are linear equa- 
tions, however the generál theory works too also for non-linear equations. For ex- 
ample, we can consider the quantum sedenionic ďAlembert equation are reported 
in (27). 

í TT : 11/ = §3 _^ §2 ^ A/; {x,y,u)^ {x,y) \ 



(27) 



(ďA)g C JD'^{W) C J2ÍW) : F = uu^y ~ u^Uy = O 



In this case, we can apply the same machinary, for the quantum smooth submanifold 
of X2 C JD^{W), where X2 is the open quantum hypercomplex submanifold of 
JD^{W), identified with the condition u 0. In fat, there the jacobian 

{dí,j.F) = ( O O u^y -Uy -u^ O u O ) 
has rank 1. Herc (^^) = (Xjy^u^UxjUyjUxxjUxyTUyy) are quantum hypercomplex 



is 



coordinates on JĎ^(W). Thus, in the case, in order to regularize {d'A)^, it 

enough to consider (d'A)^P\X2, X2 = u~^{0), with u : JD^{W) — >■ A. (Compare 
with singulár quantum hypercomplex PDE's considered in Example 4-4-) 

5. Quantum hypercomplex exotic PDE's 

In this section we extend to PDE's in the category Qhyper, a previous definition, and 
some results, about "exotic PDE's" given in the category of commutative manifolds 
[85, 86, 87, 88]. This allows us the opportunity to discuss about a classification of 
smooth solutions of PDE's in the category Qhyper and to prove a smooth gencralizcd 
vcrsion of the quantum gencralizcd Poincarč conjccture, (previously proved in [80] 
in the category Os of quantum supcrmanifolds) . There it is proved that a closed 
quantum supermanifold M , of dimcnsion {m\n), with rcspcct to a quantum su- 
peralgebra A, homotopy equivalent to the quantum (m|n)dimensional supersphere, 
5'™!", is homeomorphic (but not necassarily diffeomorphic) to 5*™'", if Aí is classic 
regular, with classic limit a m-dimensional manifold Mc, identified by means of a 



But, in generál, one has fž -, , 7^ 0. 

' ' 771 — — 1 ' 
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fiber structure ne ■ M — > Mc, such that the homotopy equivalence is realized by 
means of a couple of mappings (/, fc) such that the diagram (28) is commutative. 



(28) 



M- 



f 



Mr 



fc 



Thus in this section we will assume quantum manifolds with classic regular quantum 
nianifold structures ňc ■ M Mc, dim^Af = dimu Aíc = n, that are conipact, 
closed and homotopy equivalent to the quantum n-sphere 5", (with respect to the 
same quantum (hypercomplex) algebra A), are homeomorphic to 5" too. 

Definition 5.1 (Quantum homotopy rř-sphere). We call quantum homotopy n- 
sphere (with respect to a quantum algebra A) a smooth, compact, closed n-dimensional 
quantum manifold E", that is homeomorphic to 5*", with classic regular structure 
ňc '■ M — > Mc, where Mc is a homotopy n-sphere, and such that the homotopy 
equivalence between M and S" is realized by a commutative diagram (28). 

Remark 5.2. Let E" and Ej be two quantum diffeomorphic, quantum homotopy 
n-spheres: E" = E2 • Then the corresponding classic limits c '^^'^ ^2 c '^^^ "^^Z" 
feomorphic too: E" ^ = E2 q ■ This remark is the natural consequence of the fact 
that quantum diffeomorphisms herc considered respect the fiber bundle structures 
of quantum homotopy n-spheres with respect their classic limits: ttc '■ E" E^. 
Therefore quantum diffeomorphisms between quantum homotopy n-spheres are char- 
acterized by a couple {f,fc) ■ (^ij^ic) ~^ (^2i^2c) of mappings related by the 
commutative diagram in (29). 

f 



(29) 



E^' 



"■l.C 



fc 



' ^2,C 



There f is a quantum diffeomorphism between quantum manifolds and fc is a 
diffeomorphism between manifolds. Note that such diffeomorphisms of quantum 
homotopy n-spheres allow to recognize that E" has also Ej c classic limit, other 
than E",^. (See commutative diagram in (30). J 

(30) 




2,C 



This clarifies that the classic limit of a quantum homotopy n-sphere is unique up 
to diffeomorphisms. 
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Let US also emphasize tliat (co)liomology properties of quaiitum homotopy n- 
spheres are relatcd to the ones of n-spheres, since we here consider classic regular 
objects only. 

Lemma 5.3. In (31) are reported the cohomology spaces for quantum homotopy 
n-spheres. 



(31) 



iíP(Ž";Z) ^ iíP(Š'";Z) ^ HP{S'';Z) = 



O p^Q,n 
Z p = O, n. 



Proof. Let us first calculate the homology groups in integer coefíicients Z, of quan- 
tum n-spheres. In (32) are reported the homology spaces for quantum n ^ 0- 
spheres. 



(32) 



7íp(5";Z) = iíp(5";Z) = 



O p^Q,n 
Z p = O, n. 



Furthermore, for n = O we get 

iíp(^°;Z) = i/p(5°;Z) 



O PyíQ 

Z0Z p = 0. 

Above formulas can be obtained by the reduced Mayer-Vietoris sequence apphed to 
the triad (5", Ď^, Ď'l) srnce we can write Š"" = ŮllJĎ^l, where and í?!! are 
respectively the north quantum n-disk and south quantum n-disk that cover S"". 
Taking into accoimt that D'^ f] Z)" = S'""^^, we get the long exact sequence (33). 



(33) 



-ffp(D!f;Z)©iřp(D':; 



■ffp(S";Z) 



Jíp_ 1 (Š" ; Z) iíp_ 1 (£>!; : Z) © iřp_ 1 (_Ď!1 : Z) -> iíp_ i (Š"" ' ; Z) 

a 

Hp_2{Š"-'; Z) >- Ííp_2 (Ó;; Z) © H^_2[Ď'l ; Z) ^ Ííp-2 (Š" ; Z) 



iío(5"-i;Z)- 



-Ho{D1:I.)®Ho{DZ:I.]- 



-ffo(S"; 



Takmg into account that iřo(£>!!;Z) = O e get iíp(S'";Z) = np^i 
Ho{Š'';Z) ^ 0. Therefore, we get 



iíp_i(S'"-^Z) and 



(34) iíp(5";Z)^^ J i;^^;; 



,0 I Z©Z ifp-0 



iíp(5";Z) = 



Z if p = O, n 



O if p 7^ O, n. 

Therefore we get formulas (32). To conclude the proof we shah consider that 
iíP(S";Z) = iíomz(iíp(S'"; Z); Z). Furthermore, quantum homotopy n-spheres 
have same (co)homology of quantum spheres sincc are homotopy cquivalent to 
these last ones. 

□ 
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Lemma 5.4. The (quantum) Euler characteristic numbers for quantum homotopy 
n-spheres are reported in (35). 



(35) 



o n ~ odd 
2 n = even. 



Proof. We have considered that Š" admits the foUowing quantum-cell decomposi- 
tion: 5" = é^Ué", where ě" = /)" is a n-dimensional quantum cell, with respect 
to the quantum algebra A, and ě*^ = 1)° is the 0-dimensional quantum cell with re- 
spect to A. Therefore we can consider the quantum homological Euler characteristic 
x{S^) of S"*, given by formulas (36). 

X{Š^) = (-l)°dimAÍÍo(^";^) + (-l)"dimAÍÍ„(á";^) 
= (-1)0 dimA A + (-1)" dimA A 
(36) =! + (-!)" 

O n ~ odd 
2 n ~ cvcn. 

So the homological quantum Euler characteristic of the quantum n-sphere is the 
same of the homological Euler characteristic of the usual n-sphere. Furthermore, 
since quantum homotopy n-spheres are homotopy equivalent to quantum n-spheres, 
it foUows that the quantum Euler characteristic of a quantum homotopy n-sphere 
is equal to the one of S*".^^ □ 

Theorem 5.5. Let 0„ he the set of equivalence classes of quantum diffeomorphic 
quantum homotopy n-spheres over a quantum (hypercomplex) algebra A (and with 
Noetherian centre Z{A))ý'^ In 0„ it is defined an additive commutative and asso- 
ciative composition map such that [S*"] is the zero of the composition. Then one 
has the exact commutative diagram reported in (38).^'^ 



^^In generál, quantum characteristic numbers for quantum manifolds with quantum algebras 
A, are A-valued characteristic forms. (For details see [63, 66, 68, 77, 78, 79, 80, 81].) However, 
taking into account the canonical ring homomorphism e : M — > Z{A) C A, we can consider also 
above characteristic numbers for quantum homotopy n-spheres as belonging to the corresponding 
quantum algebra A. 

^^Quantum diffcomorphisms are meant in the sense specified in Remark 5.2. 

■^■^For the definition of the groups ©„, see [86]. Let us emphasize here that 0„ is a finite 
abelian group (Kcrvaire-Milnor). These are particular cases of finitely generatcd abclian groups 
G that admit a finite direct sum dccomposition likc in (37). 

(37) G- V0...0Zp,0Z'-. 

The partial sum T = (B\<i<s'ípi is called torsion subgroup of G. It is a finite group and consists 
of all elements of G of finite order. The quotient G/T = IT is called /ree pari of G. The number 
r of summands Z in G/T is called the rank (or Betti number) of G. It does not depend on the 
particular direct sum dccomposition (37). In fact, rank(G) is the maximal number of linearly 
independent elements in G. The numbers pj {torsion coejficients in G) that occur in (37) are not 
uniquo. However, they can be chosen as powers of prime numbers pj = q^^ , qj prime, pj > O, 
and then they are unique (independent of the decomposition) up to permutation coeíHcients. 
Two finitely generated abelian groups are isomorphic iťf they have the same rank and the same 
systém of torsion coefficients. On as a finite abelian group has rank r = 0. Let us emphasize 
that the fundamental theorem of finite abelian group states that any such a group H can be 
written in a direct product of cyclic groups: H = Zp-^ ® ' ' ■ ® i such that (pi,-- - ,Ps) are 
powers of primes, or pi divides Pi+i- For example we get the isomorphism: Z15 = Z3 ^Zs, but 
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(38) O 

O — - Ť„c — ^ é„ e„ o 

é„/t„ 
o 

where 0„ is the set of equivalence classes for diffeomorphic homotopy n-spheres and 
jc is the canonical mapping jc ■ [S"] i— >■ [Sp] . One has the canonical isomorphisms: 

(39) Z(^Z8„ = Z8„, as right ě)„-niodules. 

Proof. After above Remark 5.2 wc can statc that the mapping jc is surjcctivc. In 
othcr words wc can writc 

U (©")[ěS]- 

[šg.]ee„ 

The fiber (0„)jj,„j is given by all classes [S"] such their classic Umits are diffeo- 
morphic, hence belong to the same class in 0„. Furthermore one has ker(jc') = 
j(^^([S'"]) = T„ C Qn- Therefore, we can statě that G)„ is an extension of 0„ by 
T„. Such extensions are classified by ií^(0„; Tn)-'^'^ 

Table 7. Homology of finite cychc group of order i. 



r 


Hr{I,i;Z) 





Z 


r odd 


Zi 


r > even 






The composition map in Q„ is defined by quantum fibered connected sum, i.e., a 
connccted sum on quantum manifolds that respccts the connected sum on their 
corresponding classic limits. More precisely let M Ale and N Nc be 
connected n-dimensional classic regular quantum manifolds. We define quantum 
fibered connected sum of M and A'^ the classic regular n-dimensional quantum 
manifold MtJiV ~> A/cjJiVc, where 

( M^N = (A/\£)")U(á"-^ X Ďi)U(A^\-C'") 
(40) <^ 

[ McWc - {Mc \ Z?") U(5"-i X D^)[j{Nc \ D^'). 



^ ^4 © Z2 ^ Z2 Z2 © Z2 . (In other words Zp, S Zp © Z, ifí p and q are coprimc.) Let us 
emphasize that after above representation of finite abefian groups, we can for abuse of notation 
denote dimz H = order(ií). (A notation for the order of a group H is also \H\.) This is justificd 
since the integrál group ring QH of H is just a vcctor spacc of dimension equal to \H\. (Sec Tab. 
4 in [86].) 

^^In Tab. 7 are reported useful formulas to exphcitly calculate these groups. 
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Thcn the additive composition law is + : 6" x Ó" 9", [M] + [N] = [A/tJ7V]. [S""] 
is the zero of this addition. In fact, since S"" \ -Ó" Uá^-i i^"^^ x D^) - ^"^ gct 



M. 



Analogous calculus for Mc completes the proof. 



□ 



In the following remark we wiU consider some examples and further results to 
better understand some relations between quantum homotopy spheres and their 
classic limits. 

Example 5.6 (Quantum homotopy 7-sphere). Let us calculate the extension classes 



O- 



T7C 



3C 



■O 



(41) 

These are given by H^{Qj;Ty) = H"^ {'£2?,]'^ 7) ■ We get 
(42) 

i/2(Z28; Ť7) = Hom^{H2ÍZ2s; Z); Ť7) = Homz{0; tr) Sxíz(ii'i (Z28; Z); Ťj). 

We shall prove that iía;íz(iři (Z28; Z); T7) = T7/28 • Ty.^^ Let us look in some 
detail to this Z-module. By using the projective resolution 0/Z28 given in (43), 



(43) O - 

we get the exact sequence (44). 



/í=.28 

■1.- ^Z- 



O 



(44) 



■iíomz(Z28;T7) 



Homi{Ti] Ť7) — Homj^{'L] Ť^) 



O- 



■iíomz(Z28;T7) 



T7' 



T7 



Therefore we get 

i5a;íz(Z28; T7) = T7/im(/i,). 
In order to see what is im (/i*) let us consider that fi^ is defined by the commutative 
diagram in (45). 



(45) 



Z- 



^=.28 



Z- 



T7 



Since a is identified by means of the image of í G Z, i.e., a{l) £ Ť7, similarly 
also fit{a) is determined by image 0/ 1 G Z, i.e., /x»(a)(l) = a(/^(l)) ~ a{28) ~ 
28-a(l) e Ť7. Therefore imifi*) = 28.t7. Thus we get Extz{l28;T^) = Ť7/28-Ť7. 
The particular structure of this module, depends on the particular quantum algebra 
considered. For example, take A ^ C Since S"^ 5^, is just the fiber bundle 
S^"^ —7- S"^ , we can easily see that T7 = 614 = Z2. In this oase the extensions (41) 



45We have used the fact that /Í2(Z28;Z) = 0. 
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aredassified hy Extz{'L2ň,'Í2) =Z2/(28-Z2) = Z2/(14-(2-Z2)) =Z2/(14-0) =Z2>^ 
Therefore we get that all the extensions in (41) are in correspondence one-to-one 
with 014. Let US explicate in some more details this result. Since 5^ = 5^"* and 
014 = Z2, it follows that other S^^ there is another class of homotopy lA-spheres, 
non-diffeomorphic to S"^"*. Let us denote one of these spheres by E^"*. Let us denote 
by f : S^"* — > S^"^ the homotopy map existing between S^^ and E^'*. Then one has 
also a continuous fibration tt = ttc o f : Y,^'^ — >• S^'^ S"^ . Since C^lT^^^jS"^) is 
dense in C"'(S]^'*, S''), for < s < r, we can approximate n by a smooth mapping, 
yet denoted n. Therefore we can consider the identification T7 = Z2. Furthermore, 
since there exists homeomorphisms (p : S'^ Y,'^ , where TJ are homotopy 7-spheres 
belonging to different classes in 67, we get also continuous fibered structures S^"* ^• 
, that again can be approximated by smooth mappings. In this way we can have 
the identification Qi/Ti ^ Qi = Z28, and all the possible diffeomorphic classes 
of quantum homotopy 7-spheres, with respect to the quantum algebra A = C are 
Qj = »a ^28; whcrc a are homomorphisms a : Z28 — > Aut(Z2)- On the other 
hand, one has Aut(Z2) = Z2 = {1}, where Z2 is the group of units 0/Z2, that 
coincide with all numbers O < p < 2 coprime to 2. Therefore the quantum homotopy 
7-spheres diffeomorphic classes are 2 x 28 = 56, i.e., the order of ~ Z2®Z28- 

Example 5.7 (Quantum homotopy n-spheres for the hmit case A = M). In the 
limit case where the quantum algebra is A = M., then the classic limit of a quantum 
homotopy n-sphere E" is just E", hence ne — idj^n- Furthermore 0„ — 0„ 

and Tn = O = [5"] G On- In particular if n = {1,2,3,4,5,6}, we get 0„ = 0„ = 
T„ = 0. (For the smooth case n = 4 sec [88] 

Theorem 5.8 (Homotopy groups of quantum n-sphere). Quantum homotopy n- 
spheres cannot have, in generál, the same homotopy groups of n-spheres:'^'^ 

(46) 7rfc(Ž") = ^fe(^")^^fe(5"). 

Furthermore, 5" can be identified with a contractible subspace, yet denoted S"' , of 
S"' . There exists a mapping S"" — í- S"' , but this is not a retraction, and the inclusion 
^ S" , cannot be a homotopy equivalenceý^ 

Proof. Since must necessarily be 7rfc(E") = 7rfc(S'"), fc > O, it is enough prove 
theorem for S*" . We shall first recall some useful definitions and resuhs of Algebraic 
Topology, here codified as lemmas. 

Definition 5.9. A pair {X, A) has the homotopy extension property if a homotopy 
ft'.A^Y,tEl, can be extended to homotopy ft:X^Y such that fQ:X^Y 
is a given map. 

Lemma 5.10. If{X,A) is a CW pair, then it has the homotopy extension property . 

Lemma 5.11. // the pair {X, A) satisfies the homotopy extension property and A 
is contractible, then the quotient map q : X ^ X/A is a homotopy equivalence. 



'^^'&2 is a field of characteristic 2, hence 2 ■ Z2 =0. 

^^In other words, quantum homotopy n-spheres are not homotopy equivalent to the n-sphere. 
^®For any convenience, in Tab. 8 are reported some homotopy groups for S". 
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Table 8. Homotopy groups of n-sphere. 



k 




k < n 





n 


z 


Examples for k > n. 




= 0, A; > 0. 






= 0, fc > 1. 




MS^) 


= Z, n4{S^) 


= 7r5(S2) = Za, 7r6(S2) = Zi2, tttÍS^) = Za. 


7r4(S'3) 


= T5(53) = 


Za, TreíS^) = Zia, 7r7(S3) = Za. 




= 776(5") = 


Za, 7r7(5") = Z X Zia. 




= n7(S^) = 


22, Trsí^S) = Za4. 


7r7(56) 


= MS<') = 






= Za. 





Let US consider that we can represent 5" into S" by a continuous mapping s : S" 
S", deíined by means of the commutative diagram in (47). 



(47) 



S" 



: A" U{00} 



s = (c",'ídoo) 



U{oo} 



where e" : M" — > A" is iiiduced by the canonical ring homomorphism e : M — > A. 
s is a section of tt: tt o s = ids"- Let us yet denote by 5" the image of s. So 
we can consider the canonical couple {S^'',S"') as a CW pair, hence it has the 
homotopy extcnsion propcrty. S"' is not a contractiblc subcomplex of 5", so in 
generál the quotient map q : S"' ^ S"" / is not a homotopy cquivalence. We have 
the foUowing lemma. 

Lemma 5.12. The couple (S"',oo) can be deformed into {S^^,oo) to the base point 
{oo}. 

Proof. In fact, let p S \ S'". Then the inclusion í : 5" S'" is nuUhomotopic 
since 5" \ {oo} w A" (homeomorphism). □ 

Since S*" is contractiblc into Š*", to the point oo G S"", the quotient map g : S"" ^• 
S'"/S'" can bc deformed into quotient mapping qt over deformed quotient spaccs 
Xt = Š^^/Sl', with SI' = /t(S'") C S"", for some homotopy f : I x S'' ^ Š'\ such 



that Xo ^ S^^/S", Xi = 5"' and qi 



idg,^. 



(Sce diagram (48).) 
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But this does not assure that ^ is a homotopy equivalence. Let us, now, consider 
also some further lemmas. 

Lemma 5.13. // {X, A) is a CW pair and we have attaching maps f,g:A—^ Xq 
that are homotopic, then Xq[JjXi XqIJ^Xi rel Xq (homotopy equivalence). 

Lemma 5.14. If{X,A) satisfies the homotopy extension property and the inclusion 
A '-^ X is a homotopy equivalence, then A is a deformation retract of X . 

Lemma 5.15. A map f : X is a homotopy equivalence ijj X is a deformation 

retract of the mapping cylinder Mf. 

Let US emphasize that we have a natural continuous mapping ttc ■ S" — > S" , i.e., 
the surjection between the quantum n-sphere and its classic hmit, identiíied by the 
commutative diagram (47). The inclusion i : S" ^ S*" cannot be a deformation 
retract (and neither a strong deformation retract), otherwise i should be a homotopy 
equivalence.^*^ However, ttc : 5*" — !• 5", cannot be neither a retraction, otherwise 
their homotopy groups should be relatcd by the split short exact sequence (49), 

(49) O ^ TTkiS", oo) 7rfe(á", oo) ^ ^fc(5", 5", oo) ^ oo 

hence we should have the splitting given in (50). (For details on relations between 
homotopy groups and rctractions sec, c.g. [68].) 



(50) ^fc(^",oo) ^im(z*)0kcr(r,) =7rfe(5",oo)0kcr(r*). 

But this cannot work. In fact, in the case ^ = C, wc should have the commutative 
diagram (51) with exact horizontál lineš. 



(51) O ^ 7ri(S'\ oo) Z ^ MS\oo) ^ MS\ S\oo) 



■ oo 



o ^0 ^7ri(S'\S'\oo) s-0 

This should imply that 7ri(5^, oo) = O, instead that Z, hence the bottom horizontál 
line in (51) cannot be an exact sequence, hence ttc : S*^ = S*^ — !■ cannot be a 
retraction ! □ 

Corollary 5.16. Quantum homotopy spheres cannot be homotopy equivalent to 
S"' , except in the case that the quantum algebra A reduces to R. 

Quantum homotopy groups for quantum supermanifolds are introduccd in [80]. In 
Tab. 9 are resumed their definitions and properties. 



'^'^Rally S" is contractible in Š" , but is not a contractible sub-complex of 5" . This clarifies the 
mcaning of Lemma 5.11. For example, in the case A = C, one has that S^/S^ is not homotopy 
equivalent to S^. In fact ^2(3^) = Z and Tr2{S^/S'^) S ^2(5^ V S^) ^ H2{S^ V S^;Z) = Z©Z. 

'"''^It is enough to consider the counterexample when A = C and = CU{oo} = Mp [J{oo} = 
S^. Then cannot be homotopy equivalent to = 5'^, since 7ri(S^) = Z and 7ri(5^) = 0. 
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Table 9. Quantum homotopy groups: dcfinitions and somc propertics. 



Definition 



Sum-law 



7ř„(X,xo) = [(Š",so),{X,xo)] 



f + g-S" 



irn(X, A, xo) = [iĎ'\ Š"'-\ so), {X, A, xo)] 



Ó" v X 



Somc Propertics. 



If X is path connccted one can simply writc Ttn{X), sincc it docs not dcpcnd on xq. 
If A is path connccted one can simply writc TÍn{X, A), sincc it docs not dcpcnd on xo- 



■Kn{X,xo) = ňn{X, xq, xq) ís abelian for n > 2. 



TÍ'n(n.aXc,) = Tla'n'n{Xa), {Xa path-connccted) . 



p : (X,xo) ^ (X, Xo) covering in Q^yper- P* ■ *n(^, a:o) = Ttn(X , xo) , n > 2. 

• Whencver X has a contractiblc univcrsal cover ň„(X, xo) = O, n > 2. 

• A^Š'^, w„(Š'^) = O, n > 2. 



, A" ^ T" = X S^, ÍTk{T") = O, fc > 1. 



[/] = O e ňn{X,xo) iň3 Ft{S") C X, Ft{so) = xo, Fo{S") = xo, Fi(5") = /. 
[/] = e ň„[X,xo) m3Ft(Ď") c X, Fí(Š"-1) C a, Fo(Ď")=xo, Fi{Ď") = /. 



Theorem 5.17 (Quantum homotopy groups of quantum n-sphere). Quantum ho- 
motopy n-spheres have quantum homotopy groups isomorphic to homotopy groups 
of n-spheres: 

(52) 7řfe(É")=%(5")^^fc(5"). 

Proof. In fact, we can provc for cxamplcs that tt^ÍS") ^ O, for k < n, and 
7r„(S'") = Z. For this it is enough to rcproduce thc anoafogous proofs for the 
commutative sphercs, by substituting cclls with quantum cells. For examplc we 
can have the foUowing quantum versions of anafogous propositions for commuta- 
tive CW complexes. 

Lemma 5.18. Let X be a quantum CW-complex admitting a decomposition in 
two quantum subcomplexes X = A[JB, such that Af^ B = C ^ . If {A,C) is 
m-connected and {B,C) is n-connected, m, n > O, then the mappings nkiA,C) — > 
TÍk{X,B) induced by inclusion is an isomorphism for k < m + n, and a surjection 
for k = m -\- n. 

Lemma 5.19 (Quantum Frcudcnthal suspcnsion theorem). The quantum suspen- 
sion map TŤk{S") — > ířk+i {S"^^) is an isomorphism for k < 2n^l, and a surjection 
for k = 2n-l.^^ 

As a by-product we get the isomorphism 7ř„(S'") = Z. 

□ 

Remark 5.20. Let us emphasize that Theorem 5.11 docs not allow to statě that 
S" is a deformation retract of S" , as one could conclude by a wrong application of 
the Whiteheaďs theorem, reported in the following lemma. 

Lemma 5.21 (Whiteheaďs theorem). // a map f : X ^ Y between connccted 
CW complexes induces isomorphisms : 7r„(X) — > tt, (K) for all n, then f is a 

^"'^This holds also for quantum suspcnsion 7řfc(X) — > •íri^^i(ŠX , for an (n — l)-conncctcd quan- 
tum CW-complex X. 
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homotopy equivalence. Furthermore, if f is the inclusion of a subcomplex f : X ^ 
Y , then X is a deformation retract ofY. 

In fact, in the case í ; 5" ^ S*" we are talking ahout different CW structures. One 
for 5" is the usual one, the other, for S"' is the quantum CW structure. In order 
to easily understand the difference let us refer again to the case ^ = C. Here one 
has 7ri(S'i) = Z = íriiŠ^), butTTi(Š^) = [Š\Š^] = [S^,S^] = ttsÍ^^). Furthermore, 
7ri(S'^) = [S'^,S'^] =07^ 7ri(S'^). Therefore, , with respect to the usual CW 
complex structure, has its first homotopy group zero, hence different from the first 
homotopy group of its classic limit . In fact is not a deformation retract of 
S'^ ^ . (Therefore there is not contradiction with the Whiteheaďs theorem.) 

Morcovcr. it is uscful to formulatc the quantum vcrsion of the Whiteheaďs theorem 
and some rclatcd Icmmas. These can be proved by reproducing analogous proofs 
by substituting CW complex structure with quantum CW complex structure in 
quantum manifolds. 

Theorem 5.22 (Quantum Whitehead theorem). // a map f : X ^ Y hetween 
connected quantum CW complexes induces isomorphisms /* : 7r„(JÍ) — > ^:^^,{Y) for 
all n, then f is a homotopy equivalence. Furthermore, if f is the inclusion of a 
quantum subcomplex f : X ^Y, then X is a quantum deformation retract ofY. 

Lemma 5.23 (Quantum compression lemma). Let {X,A) be a quantum CW pair 
and let {Y,B) be any quantum pair with B =í 0. Let us assume that for each n 
7r„(y, -B, yo) = O, for all yo e B, and X \A has quantum cells of dimension n. 
Then, every map f : {X, A) — > [Y, B) is homotopic re^ to a map X ^ Bý^ 

Lemma 5.24 (Quantum extension lemma). Let {X, A) be a quantum CW pair and 
let f : A ^ Y be a mapping with Y a path- connected quantum manifold. Let us 
assume that 7r„_i(y) = O, for all n, such that X\A has quantum cells of dimension 
n. Then, f can be extended to a map f : X ^ Y . 

Proof. The proof can be done inductively. Let us assume that / has been extended 
over the quantum {n — l)-skeleton. Then. an extension over quantum n-cells exists 
iff the composition of the quantum celPs attaching map S*""^ — > X"^^ with / : 
X"~^ — > y is null homotopic. □ 

As a by-product of above results we get also the foUowing theorems that relate 
quantum homotopy groups and quantum relative homotopy groups. 



When n = O, the condition 7ín(Y, B, yo) = O, for all yo S B, means that (Y, B) is 0-connectcd. 
Let US emphasize that there is not difference between 0-connected and quantum 0-connccted. In 
fact [Š°,Y] = Tio{Y) = TTo(Y) = [S° ,Y\, since Š° = S° = ({a},{&}), i.e., is a set of two points. 
However, after Theorem 5.17, there is not difference between the notion of quantum p-connected 
(i.e., TŤfc = O, fc < p), quantum (homotopy) n-sphere, and p-connected (i.e., tt^ = O, fc < p), 
(homotopy) n-sphere. In other words, a quantum homotopy n-spherc is quantum (n— l)-connccted 
as well as its classic limit is (n — l)-connected. 
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Theorem 5.25 (Quantum exact long homotopy sequence). One has the exact 
sequence (53). 

(53) ••• %n{A,XQ) '* > 7r„(X, xo) — ^7r„(X,yl, a;o) 

á 

7řo(X, Xo) ^ ^ TTn-l{A, Xo) 

where i* and are induced by the inclusions i : {A,xo) ^ {X,xo) and j : 
{X,xo,xq) ^ (X, A, zq) respectively. Furthermore, d comes from the following 
composition (S'"~\so) ^ (í)", S"'"^, sq) í-'^, ^,a;o), /lence d[f] = [/|_5„_i]. 

Theorem 5.26 (Quantum Hurewicz theorem). The exact commutative diagram 
in (54) relates (quantum) homotopy groups and (quantum) homology groups for 
(quantum) homotopy n-spheres, n > 2. The morphisms a and b are isomorphisms 
for p < n and epimorphisms for p ^ n + lý^ 

(54) O ^npiS'')^^np{Š") ^0 

a b 

O ^ iíp(S'"; Z) - — ^ iíp(S'"; Z) ^ O 



O O 

The following propositions are also stated as direct results coming from Theorem 
5.17 and analogous propositions for topologie spaces. 

Proposition 5.27. The following propositions are equivalent for z < ti — 1. 

1) S' S"" is homotopic to a constant map. 

2) S"" extends to a map D'+^ S"". 

3) S*' S"" is homotopic to a constant map. 

4) -> S"" extends to a map Ď'+^ S'". 

Proof. 1) and 2) foUow from the fact that 5" is (n — l)-eonneeted, and 3) and 4) 
from the fact that 5*" is quantum [n — l)-connected. Furthermore, let us recall the 
following rclated result of Algebraic Topology.^^ 

Lemma 5.28. The following propositions are equivalent. 

(i) The space X is n-connected. 

(ii) Every map f : X is homotopic to a constant map. 
(ii) Every map f : ^ X extends to a map D^^^ — > X . 

□ 



^^Compare with analogous theorem in [80] for quantum supermanifolds. 

^^There exists also a relative version of Lemma 5.28, saying that ttí{X, A,xo) = O, for all 
XQ S A. is equivalent to one of the following propositions. (al) Every map {D^,dD') — >■ {X,A) is 
homotopic rel9D', to a map A. (a2) Every map (D*, dD') — > {X, A) is homotopic through 

such maps to a map — > A. (a3) Every map (D^,dD') — (X,A) is homotopic through such 
maps to a constant map A. 
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Example 5.29 (Quantum-complex cupola). Let us consider again ^ = C, that 
offers beautiful examples, (even if commutative) , easy to understand. Then, from 
points 3) and 4) in Proposition 5.27 we get that — >■ is homotopic to a constant 
map and extends to a map S^. These agree with points 1) and 2) in Propo- 

sition 5.27, as shown in the commutative diagram (55). In the quantum-complex 
cupola all the huilding is nullhomotopic to the hase point {oo} S identified with a 
6-cell. By using Proposition 5.27 similar huilding can he ohtained with any quantum 
algehra. 



(55) s» 




cfD-ic ^ _D'' ^ 3c>í)'' S-' 

Let US, now, consider quantum PDE's with respect to quantum homotopy n-spheres. 

Definition 5.30 (Quantum hypercomplex exotic PDE's). Let Ek C j^(W^) he a k- 
order PDE on the fiher hundle -k :W M in the category Qhyper, with dim^i M = n 
and dims W = {n,m), where B = A x E and E is also a Z{A)-module. We say 
that Ek is a quantum exotic PDE if it admits Cauchy integrál manifolds N d Ek, 
dim N ~ n — í, such that one of the following two conditions is verified. 

(i) S"^^ = dN is a quantum exotic sphere of dimension {n — 2), i.e. S"^^ is 
homeomorphic to S'"-^, (l]"-^ ^ gn-2j diffeomorphic to Š'"-^, fŽ"^^ ^ 

(ii) ^ dN and N K Š"""!, hut N ^ Š'"-!.^'^ 

Definition 5.31 (Quantum hypercomplex cxotic-classic PDE's). Let Ek C J^{W) 
he a k-order PDE as in Definition 5.30. We say that Ek is a quantum exotic- 
classic PDE if it is a quantum exotic PDE, and the classic limit of the corresponding 
Cauchy quantum exotic manifolds are also exotic homotopy spheres. 

From above results we get also the following one. 

Lemma 5.32. A quantum PDE Ek C J^{W), where n is such that 0„_i = O, 
cannot he a quantum exotic- classic PDE, in the sense of Definition 5.31. 



5^Thc following Refs. [12, 34, 35, 37, 39, 40, 41, 49, 50, 51, 52, 53, 54, 55, 92, 93, 94, 95, 101, 104] 
are important background for differential structures and exotic spheres. 
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Lemma 5.33. For n G {1,2,3,4,5,6}, one has the isomorphism reported in (56). 
(56) é„ ^ t„. 

In correspondence of such dimensions on n we cannot have quantum exotic-classic 
PDE's. 

Proof. Isomorphisms in (56), foUow dircctly from above lemmas, and the fact that 
e„ = O forn e {1,2,3,4,5,6}. (Sec Refs. [86,87].) □ 

Example 5.34 (The quantum hypercomplex Ricci flow equation). Let us recall 
that in [80] A. Prástaro proved the generalized Poincaré conjecture in the category 
of quantum supermanifolds for classic regular, dosed compact quantum superman- 
ifolds M, of dimension {rn\n), homotopy equivalent to 5""'", when the quantum 
superalgehra A has a Noetherian centre Z (A). More precisely one has proved that 
M is homeomorphic to 5™'" and its classic limit Ale homeomorphic to 5™. 
As a hy-product it follows that the quantum Ricci flow equation is a quantum ex- 
otic PDE for quantum n-dimensional Riemannian manifolds. Furthermore, the 
quantum Ricci flow equation cannot he quantum exotic-classic for n < 7. (Sec 
[69, 79, 81, 82].) (For complementary informations on the Ricci flow equation sec 
also thefollowing Refs. [28, 29, 30, 31, 32, 56, 57].; 

Example 5.35 (The quantum hypercomplex Navier-Stokes equation). The quan- 
tum Navier-Stokes equation can he encoded on the quantum extension of the afflne 
fiber bundle t:: W = MxIxR'^^M, (x", é')o<a<34<,;<3 i~> (a;"). (Sec 
Refs. [65, 71, 72, 74, 76, 79] for the Navier-Stokes equation in the category of 
commutative manifolds and [67, 68] for its quantum extension on quantum mani- 
folds.) Therefore, Cauchy manifolds are 3-dimensional space-like manifolds. For 
such dimension do not exist exotic spheres. Therefore, the Navier-Stokes equation 
cannot he a quantum exotic-classic PDE. Similar considerations hold for PDE's of 
the classical continuum mechanics. 

Example 5.36 (The quantum hypercomplex n-ďAlembert equation). The quan- 
tum n-dAlemhert equation on A" cannot be a quantum exotic-classic PDE for 
quantum n-dimensional Riemannian manifolds of dimension n < 7 in the category 
Qhyper- (Scc Examplc 4.11, and [87] for exotic ďAlemhert equations in the category 
of commutative manifolds.) 

Example 5.37 (The quantum hypercomplex Einstein equation). The quantum 
Einstein equation in the category Qhyper, cannot he a quantum exotic-classic PDE 
for quantum n-dimensional space-times of dimension n < 7. Similar considerations 
hold for generalized quantum Einstein equations like quantum Einstein- Maxwell 
equation, quantum Einstein- Yang- Mills equation and etc, in the category Qhyper- 

Theorem 5.38 (Integrál bordism groups in quantum hypercomplex exotic PDE's 
in the category Qhyper and stability). Let C J^^iW) be a quantum exotic for- 
mally integrable and completely integrable PDE on the fiber bundle t: : W ^ M , 
in the category Qhyper, such that cjk ^ O and gu+i 7^ 0.^^ Then there exists a 



The fiber bundle tt : — ^ M is as in Definition 5.30, hence dim^ M = O, dim^ W = (rt, m), 
with E endowed with a Z(j4)-module structure too. 
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topologie spectrum :^s such that for the singulár integrál p-(co)bordism groups can 
be expressed by means of suitable homotopy groups as reported in (57). 



Furthermore, the singulár integrál bordism group for admissible smooth elosed eom- 
pact Cauchy manifolds, N C Ek, is given in (58). 



In the quantum homotopy equivalence fuU admissibility hypothesis, i.e., by consid- 
ering admissible only [n — l)-dimensional smooth Cauchy integrál manifolds iden- 
tified with quantum homotopy spheres, and assuming that the space of conservation 
laws is not trivial, one has fž^^j^ ^ = 0. Then becomes a quantum extended 
0-crystal PDE. Then, there exists a globál singulár attractor, in the sense that all 
Cauchy manifolds, identified with quantum homotopy {n — l)-spheres, bound singu- 
lár manifolds. 

Furthermore, if in W we can embed all the quantum homotopy {n~ l)-spheres, and 
all such manifolds identify admissible smooth {n~l)-dimensional Cauchy manifolds 
of Ek), then two of such Cauchy manifolds bound a smooth solution iff they are 

diffeomorphic and one has the following bijective mapping: ^n-i ©n-i- 
Moreover, if in W we cannot embed all quantum homotopy in — \)- spheres, but only 
S"'~^ , then in the quantum sphere fuU admissible hypothesis, i.e., by considering 
admissible only quantum {n — l)-dimensional smooth Cauchy integrál manifolds 

identified with Š"'~^, then íl^-i = 0. Therefore Ěk becomes a quantum 0-crystal 
PDE and there exists a globál smooth attractor, in the sense that two of such smooth 
Cauchy manifolds, identified with S"~^ bound quantum smooth manifolds. Instead, 
two Cauchy manifolds identified with quantum exotic {n^l)-spheres bound by means 
of quantum singulár solutions only. 

All above quantum smooth or quantum singulár solutions are unstable. Quantum 
smooth solutions can be stabilized. 

Proof. The relations (57) can be proved by a direet extension of analogous char- 
acterizations of integrál bordism groups of PDE's in the category of commutative 
manifolds. (See Theorem 4.14 in [65].) Furthermore, under the hypotheses of theo- 
rem we can apply Theorem 5.5 and Theorem 5.8 in [66] and Theorem 2.2 in [84] (or 
Theorem 2.3 in [83]). Thus we get directly (58). Furthermore, under the quantum 
homotopy equivalence fuU admissibility hypothesis, all admissible quantum smooth 
(n— l)-dimensional Cauchy manifolds oi Ek, are identified with all possible quantum 
homotopy (n— l)-spheres. Moreover, all such Cauchy manifolds have same quantum 
integrál characteristic numbers. (The proof is similar to the one given for Ricci flow 
PDE's in [80].) Therefore, all such Cauchy manifolds belong to the same singulár 

integrál bordism class, hence íl^-i s = O- Thus in such a case Ěk becomes an quan- 
tum extended 0-crystal PDE. When all quantum homotopy {n — l)-spheres can be 
embedded in W and so that in each smooth integrál bordism class of ^„-i ^^'^ 
tained quantum homotopy {n — l)-spheres.^^ Then, since two quantum homotopy 

^^It is useful to emphasizc that the possibility to embed quantum homotopy (n — l)-spheres 
in W, are related to the dimension of W. For example, in the cases where quantum algebras A 



(57) 




(58) 



íl: 



'n — l.s 



i/„_i(W^;A). 



48 



AGOSTINO PRÁSTARO 



(n — l)-spheres bound a quantum smooth solution of Ek iff they are difFeomorphic, 
it follows that one has the bijection (but not isomorphism) ^^-i ě)„_i, where 
Qn-i is thc set group of equivalent classes of quantum diflteomorphic quantum ho- 
motopy [n — l)-spheres.^® In the quantum sphere full admissibihty hypothesis we 

get i^n-i ~ O ^^"^ becomes a quantum 0-crystal PDE. 

Let US assume now, that in W we can embed only S"""^ and not all quantum exotic 
(n — l)-spheres. Then smooth Cauchy {n — l)-manifolds identified with quantum 
exotic (n — l)-spheres are necessarily integrál manifolds with Thom-Boardman sin- 
gularities, with respect to the canonical projection tt^^o ■ ^fc ~^ W. So solutions 
passing through such Cauchy manifolds are necessarily singulár solutions. In such 
a case smooth solutions bord Cauchy manifolds identified with S'^~^, and two dif- 
feomorphic Cauchy manifolds identified with two quantum exotic (n — l)-spheres 
belonging to thc same class in cannot bound quantum smooth solutions. Fi- 

nally, if also Š"^^ cannot be embedded in W, thcn there are not quantum smooth 
solutions bording smooth Cauchy (n — l)-manifolds in Ek, identified with S*"^^ or 

S"~^ (i.e., quantum exotic (n — l)-sphere). In other words íž^^i is not defincd in 
such a case ! □ 

We are ready to statě the main result of this páper that extends to the category 
of quantum manifolds Theorem 4.59 in [86] and Theorem 4.7 in [88], given for 
homotopy spheres in the category of smooth manifolds. 

Theorem 5.39 (Integrál h-cobordism in quantum hypercomplex Ricci flow PDE's). 
The quantum Ricci flow equation for quantum n-dimensional Riemannian mani- 
folds, admits that starting from a quantum n-dimensional sphere S"' , we can dy- 
namically arrive, into a finite time, to any quantum n-dimensional homotopy sphere 
M. When this is realized with a smooth solution, i.e., solution with characteristic 
flow without singulár points, then S"' = M . The other quantum homotopy spheres 
S", that are homeomorphic to S*" only, are reached by means of singulár solutions. 
For 1 < 71 < 6, quantum hypercomplex Ricci flow PDE's cannot be quantum exotic- 
classic ones. In particular, the case n = A, is related to the proof that the smooth 
Poincaré conjecture is truc. 

Proof. This is a direct consequencc of Theorem 3.23 in [80] on the generalizcd 
Poincaré conjecture for quantum supermanifolds, Theorem 4.59 in [86] and Theorem 
4.7 in [88] for homotopy spheres, where it is proved also the smooth Poincaré 
conjecture (i.e. in dimension four) for commutative manifolds. □ 
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